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DIMENSION FORMULA FOR GRADED LIE ALGEBRAS
AND ITS APPLICATIONS

SEOK-JIN KANG AND MYUNG-HWAN KIM

ABSTRACT. In this paper, we investigate the structure of infinite dimensional
Lie algebras L = @aer Lq graded by a countable abelian semigroup I' sat-
isfying a certain finiteness condition. The Euler-Poincaré principle yields the
denominator identities for the I'-graded Lie algebras, from which we derive a
dimension formula for the homogeneous subspaces Lo (o € T'). Our dimen-
sion formula enables us to study the structure of the I'-graded Lie algebras in
a unified way. We will discuss some interesting applications of our dimension
formula to the various classes of graded Lie algebras such as free Lie algebras,
Kac-Moody algebras, and generalized Kac-Moody algebras. We will also dis-
cuss the relation of graded Lie algebras and the product identities for formal
power series.

INTRODUCTION

In [K1] and [Mol], Kac and Moody independently introduced a new class of
Lie algebras, called Kac-Moody algebras, as a generalization of finite dimensional
simple Lie algebras over C. These algebras are ususally infinite dimensional, and are
defined by the generators and relations associated with generalized Cartan matrices,
which is similar to Serre’s presentation of complex semisimple Lie algebras.

In [M], by generalizing Weyl’s denominator identity to the affine root system,
Macdonald obtained a new family of combinatorial identities, including Jacobi’s
triple product identity as the simplest case. In [K2], Kac discovered a character
formula, called the Weyl-Kac formula, for the integrable highest weight modules
over symmetrizable Kac-Moody algebras. The Weyl-Kac formula, when applied to
the 1-dimensional trivial representation, yields the denominator identity, and Kac
showed that the Macdonald identities are just the denominator identities for affine
Kac-Moody algebras. Since then, the theory of infinite dimensional Lie algebras
and their representations has been the focus of extensive research activities due
to its remarkable and significant applications to many areas of mathematics and
mathematical physics.

On the other hand, in his study of the vertex algebras and the Moonshine conjec-
ture [CN], Borcherds initiated the study of generalized Kac-Moody algebras [B1]-
[B6]. The structure and the representation theories of generalized Kac-Moody
algebras are similar to those of Kac-Moody algebras, and a lot of facts about Kac-
Moody algebras can be generalized to generalized Kac-Moody algebras [B2], [K3].
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The main difference is that the generalized Kac-Moody algebras may have imag-
inary simple roots with norms < 0 whose multiplicity can be > 1. The most
interesting example of generalized Kac-Moody algebras may be the Monster Lie
algebra, which plays a crucial role in Borcherds’ proof of the Moonshine conjecture
[B5].

In this paper, we consider a very general class of infinite dimensional Lie alge-
bras which includes Kac-Moody algebras and generalized Kac-Moody algebras as
special cases. More precisely, let I' be a countable abelian semigroup such that
every element o € I" can be written as a sum of elements in I' in only finitely many
ways, and consider the I'-graded Lie algebras L = @, Lo with finite dimen-
sional homogeneous subspaces. Indeed, there are many interesting and important
Lie algebras that are graded by some semigroup satisfying our finiteness condition.
For example, the free Lie algebras generated by graded vector spaces are of this
kind, and so are the positive or negative parts of finite dimensional simple Lie alge-
bras, Virasoro algebra, Kac-Moody algebras, and generalized Kac-Moody algebras.
Here, we propose a general method for investigating the structure of these infinite
dimensional Lie algebras in a unified way.

In Section 1, applying the Euler-Poincaré principle to the I'-graded Lie algebra
L =@, cr La, we obtain a product identity of the form

[T —endimbe =13 d(a)e,

ael acl

where d(a) € Z for all & € I'. The above identity will be interpreted as the de-
nominator identity for the Lie algebra L. By taking the logarithm of both sides
of the denominator identity and using Mobius inversion, we will derive a general
dimension formula for the homogeneous subspaces L, of L (Theorem 1.1). Our
dimension formula will be expressed in terms of the Witt partition functions as-
sociated with the partitions of the elements in I'. In many cases, we will be able
to obtain simple expressions of the Witt partition functions. Moreover, various
expressions of the Witt partition functions will give rise to a number of interesting
combinatorial identities.

In Section 2, we will discuss the applications of our dimension formula to the free
Lie algebras L = @ Lo generated by graded vector spaces V = @ o Vo with
dimV,, < oo for all @ € I'. When applied to free Lie algebras, our dimension formula
will be called the generalized Witt formula (Theorem 2.1; see also [Jul], [Kal], [Ka2],
[KaK1]). If L = @, L, is the free Lie algebra generated by an r-dimensional
vector space, then our formula yields the classical Witt formula (cf. [J], [S1]). We
will discuss the “l-dimensional generalization” and “2-dimensional generalization”
of the Witt formula, and derive a lot of interesting combinatorial identities. In
particular, we obtain the ezchange principle (Corollary 2.6) and the double exchange
principle (Corollary 2.12). These exchange principles can be generalized to the n-
dimensional exchange principle (Corollary 2.17).

In Section 3, we will apply our dimension formula to symmetrizable Kac-Moody
algebras to derive a closed form root multiplicity formula (Theorem 3.5), which is
a generalization of Berman-Moody’s formula [BM]. Our root multiplicity formula
enables us to study the structure of a symmetrizable Kac-Moody algebra g as a
representation of a smaller Kac-Moody algebra gg contained in g. As an application,
we first consider the rank 2 hyperbolic Kac-Moody algebra g(a,b) associated with
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2
—b
system of the algebra g(a,b) and its relation with quasi-regular cusps on Hilbert
modular surfaces were investigated in [LM] (see also [Mo2]). When a = b = 3, the
real root system of the algebra g(3,3) can be expressed in terms of the Fibonacci
sequence [F]. In [KM2], using our root multiplicity formula, we study the structure
of the algebra g(a,a), and, as a by-product, we obtain a new elementary algorithm
finding all the integral points on the hyperbolas z? — azxy + 3% = k for k < 1.
Recently, our method was generalized to an elementary algorithm finding all the
integral points on the hyperbolas bx? — cxy + ay? = k for all k € Z when a and b
divide ¢ [HJK]. Compared with the classical method (cf. [Cas], [Hu]), this method
is similar in spirit, but requires much less work. In this paper, we determine the
root multiplicities of the algebra g(a,b) in terms of the Fibonacci-type sequences
{A,}n>0 and {By, }n>0 defined by (3.14) (see also [K3, Exercise 5.25]).

We will also apply our root multiplicity formula to the hyperbolic Kac-Moody
algebra § associated with the generalized Cartan matrix

2 -1 0
A= (aij)ije1o1=|-1 2 =2
0 -2 2

the generalized Cartan matrix A = —2a> with a > b and ab > 4. The root

In [FF], the algebra § was viewed as the minimal graded Lie algebra with local

part V @ go @ V*, where go is the affine Kac-Moody algebra Agl), V' is the basic
representation of gg, and V* is the contragredient module of V', and a very nice
multiplicity formula was given for the level 2 roots. In [Kal]-[Kad], we general-
ized their construction and used homological methods to obtain a root multiplicity
formula for the roots of level < 5. Here, we give a multiplicity formula for all the
roots of § in three different forms. First, we view the algebra § as a representa-
tion of the affine Kac-Moody algebra Agl), and express the root multiplicities of
the algebra § in terms of the number of paths arising from the crystal base theory
of quantum affine Lie algebras (Proposition 3.11). On the other hand, by taking
So = sl(3,C) + b, the algebra § can be viewed as a representation of si(3,C).
In this case, we give a root multiplicity formula in terms of the Kostka numbers
(Proposition 3.12). Finally, we can simply take §p to be the Cartan subalgebra
b, in which case, we give a root multiplicity formula using the enumeration of the
Weyl group W = PGL(2,Z) (Proposition 3.13).

In [SUM1], N. Sthanumoorthy and A. Uma Maheswari introduced a new class of
indefinite Kac-Moody algebras called the extended hyperbolic Kac-Moody algebras.
For example, the Kac-Moody algebra §(a, b) associated with the generalized Cartan
matrix

2 —a O

A = (aij)i_’j:_l_’o’l = —b 2 -2

0o -2 2
is an extended hyperbolic Kac-Moody algebra. In [SUM2], the algebra §(a,b) was
realized as the minimal graded Lie algebra with local part V & go & V*, where gg
is the affine Kac-Moody algebra Agl), V' is the irreducible highest weight module
over A1 with highest weight A such that A(ho) = b, A(h1) = 0, and V* is the
contragredient module of V. When a = 1, using the homological methods devel-
oped in [Kal] and [Ka2], N. Sthanumoorthy and A. Uma Maheswari gave a root
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multiplicity formula for the roots of level < 3. In this work, we will apply our
root multiplicity formula to the algebra §(a,b) and give a multiplicity formula for
all the roots in terms of the number of paths (Proposition 3.14) as we did for the
hyperbolic Kac-Moody algebra §. Our root multiplicity formula can be applied
to a more general class of indefinite Kac-Moody algebras as long as they can be
realized as the minimal graded Lie algebras with local part V & go & V*, where gg
is a Kac-Moody algebra of classical finite type or classical affine type, V is a direct
sum of irreducible highest weight modules over gy with dominant integral highest
weights, and V* is the contragredient module of V' (cf. [BKM1]). However, the
general behavior of the root multiplicities of indefinite Kac-Moody algebras is still
mysterious.

In Section 4, we will apply our dimension formula to generalized Kac-Moody
algebras to derive a closed form root multiplicity formula (Theorem 4.4), which
enables us to study the structure of a generalized Kac-Moody algebra g as a rep-
resentation of a Kac-Moody algebra gy contained in g. As an application, some
generalized Kac-Moody algebras will be shown to be the maximal graded Lie alge-
bras with local part V & go ® V*, where g¢ is the maximal Kac-Moody subalgebra
contained in g, V is the direct sum of irreducible highest weight modules over gg
with highest weight —c«; (a; runs over all imaginary simple roots counted with
multiplicities), and V* is the contragredient module of V' (Proposition 4.5; see also
[Jul]). The choice of gy in our formula gives rise to various expressions of the
root multiplicities of g, which would yield combinatorial identities. We will deter-
mine the root multiplicities of the generalized Kac-Moody algebras associated with
the Borcherds-Cartan matrices of low ranks, and illustrate the above principle by
producing some combinatorial identities.

In [B5], Borcherds completed the proof of the Moonshine conjecture by con-
structing an infinite dimensional graded Lie algebra called the Monster Lie algebra.
The Monster Lie algebra is a generalized Kac-Moody algebra associated with the
Borcherds-Cartan matrix A = (—(i + j))i jer of charge m = (c(i)|¢ € I), where
I={-1}U{1,2,3,---} is the index set for the simple roots, and the c¢(n) are the
coefficients of the elliptic modular function

lq) — 744 =" c(n)g" = q7* + 196884q + 21493760¢° + - - - .

n=-—1

By applying our root multiplicity formula to the Monster Lie algebra, we obtain
a recursive relation for the coefficients of the elliptic modular function j(gq) — 744
(Corollary 4.10; see also [Ka6], [Jul], [KaK1]). In [LZ], B. Lian and G. Zuckerman
gave a new construction of the Monster Lie algebra using the Moonshine cohomology
functor. We expect their construction will yield many other interesting graded Lie
algebras whose structures can be studied using our dimension formula.

In this work, we define the class of the Monstrous Lie algebras L(f) associ-
ated with a formal power series f(q) = >.,- _; f(n)¢™ such that f(—1) = 1,
f(0) =0, and f(n) € Z>o for all n > 1. The class of Monstrous Lie algebras
contains the Monster Lie algebra as a special case. For example, the Monstrous
Lie algebra associated with the elliptic modular function j(q) — 744 is the Monster
Lie algebra, and the Monstrous Lie algebras associated with the Thompson series
Ty(q) = Y07 cg(n)g™ with ¢g(n) > 0 for all n > 1 are the Monstrous Lie algebras
considered in [B5]. We will determine the root multiplicities of the Monstrous Lie
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algebras in terms of f(i)’s (Proposition 4.10). It would be interesting to investigate
the relation of Monstrous Lie algebras and the (genus 0) modular functions.

Finally, in Section 5, we discuss the relation of the graded Lie algebras and the
product identity for the formal power series of the form

[Ta-en?@ =13 d(a)e,

acTl acl
where A(a) € Z>o and d(a) € Z for all @ € T. If d(a) € Z>p for all & € T, the
above product identity can be interpreted as the denominator identity for the free
Lie algebra L = @, La generated by the I'-graded vector space V = @ . Va
with dimV,, = d(«) for all @ € T". Hence we have dimL, = A(«), and our dimension
formula will yield the combinatorial identity (5.4).

We will also discuss the applications of the above idea to some of the automor-
phic forms with infinite product expansions given in [B7]. In particular, the product
identities for the Eisenstein series Eg(7), E10(7), and E14(7) will be interpreted as
the denominator identities for some free Lie algebras, and we will obtain some inter-
esting relations of the Fourier coefficients of the corresponding modular functions.
In [Ka8], we will give a more comprehensive study of the structure of graded Lie su-
peralgebras using the superdimension formula. For example, any product identity
for a (normalized) formal power series with integral coefficients will be interpreted
as the denominator identity for some free Lie superalgebra.
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1. THE DIMENSION FORMULA

Let I' be a countable abelian semigroup such that every element a € I' can
be written as a sum of elements in I' in only finitely many ways. For example,
the semigroup Z-( of positive integers satisfies the above condition, whereas the
monoid Zx>( of nonnegative integers doesn’t. Another example of the semigroup
satisfying our finiteness condition is I' = Q4 \ {0}, where Q4 = >, Z>oq; (resp.
Q- =Y ;cr Z<oay) is the positive (resp. negative) root lattice of finite dimensional
simple Lie algebras, Kac-Moody algebras, or generalized Kac-Moody algebras.

In this paper, we consider I'-graded Lie algebras

(1.1) L= @ Lo, where dimL, < oo forall a €T
ael’

There are many interesting and important Lie algebras that are graded by some
semigroups satisfying our finiteness condition. For example, the free Lie algebras
generated by graded vector spaces are of this kind, and so are the positive or
negative parts of finite dimensional simple Lie algebras, Virasoro algebra, Kac-
Moody algebras, and generalized Kac-Moody algebras.

An element « € T is called a root of L if L, # 0, and the homogeneous subspace
L, is called the root space attached to c. The number multa := dimL,, is called
the multiplicity of the root a. In this work, using the Euler-Poincaré principle and
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Mobius inversion, we will derive a closed form formula for dimZL,, for all & € I'. Our
dimension formula enables us to study the structure of the I'-graded Lie algebras in a
unified way. We will discuss some interesting applications of our dimension formula
to the various kinds of graded Lie algebras such as free Lie algebras, Kac-Moody
algebras, and generalized Kac-Moody algebras. We will also discuss the relation of
graded Lie algebras and the product identities for the (normalized) formal power
series.

Let T' be an abelian semigroup. In general, for a I'-graded vector space V =
@aer V. with dimV, < oo for all a € T', we define the character of V' to be

(1.2) chV = " (dimV,)e
acl

where the e are the basis elements of the semigroup algebra C[I'] with the mul-
tiplication e®e® = e**# for all a, 3 € T. (Actually, chV is usually an element of
C[[T]], the completion of C[I'].) Thus finding a formula for the root multiplicities
of the I'-graded Lie algebra L = @, . Lq is equivalent to finding a formula for the
character chL = 3 _(dimL,)e® of L.

Let C be the trivial 1-dimensional L-module. Recall that the homology modules
Hy (L) = Hi(L, C) are determined from the following complex:

s AR(L) B ARY(L) —

(1.3) §
— AY(L) 4 A(L) — 0,

where the differentials dy : A¥(L) — A*~1(L) are defined by

(14)  di(zi A Aag) =Y (1) wg,m] Azy Ao ATy A AT A Ay
s<t

for k > 2, x; € L, and d; = 0 [CE], [J].

For each k > 0 and o € T, we define A*(L),, to be the subspace of A*(L) spanned
by the vectors of the form x; A---Axy (z; € L) such that deg(z1) +- - - +deg(zx) =
. Then the space A*(L) has a I'-gradation with finite dimensional homogeneous
subspaces, and hence we can define the character chA*(L) of A¥(L). Since the
homology module Hy,(L) inherits a I'-gradation from A¥(L), we can also define the
character chHy (L) of Hy(L). Therefore, by applying the Euler-Poincaré principle

o (1.3), we obtain

(1.5) i YechA®(L i(—l)kcth(L).
k=0 k=0
Let
(1.6) A(L) = i(—l)kAk(L) =CoLaA(L)oA (L))o
k=0

be the alternating direct sum of the exterior powers A*(L) of L, and define

oo

(1.7) chA(L) =Y (—1)FchA*(L
k=0
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Since T' is countable, we have an enumeration {81, 32,0s,---} of I'. Let 8 € T.
Then, for each k > 0, dimA*(L)g is equal to

Y R k1 e

i < <lde
ki+-+kr-=k

Therefore, we have

k=0
k1 k.
k=0 k1Biy +-+krBi,. =0
i <o <ldpe
ki+-+k.=k

5 (qyfrts dimLg, \  (dimLg,
ko1 ke )

k1Biy +-+krBi. =0
i1 <o <y

But this is the same as the coefficient of e? in
H (1 _ ea)dimLa
ael

Hence we obtain

(1.8) chA(L) = i(—l)kchAk(L) — H(l — o)dimLa
k=0 acl

On the other hand, from the right-hand side of (1.5), we define the homology
space of the I'-graded Lie algebra L to be an alternating direct sum of homology
modules:

(1.9) H = (-1)'Hy(L) = Hy(L) & Hy(L) & H3(L) & - -

k=1
For a € T', we define

d(a) = dimH, = Z(—l)k“dimHk(L)a.
k=1
Then we have
chH =Y d(a)e® =Y (dimHg)e® =Y (=1)"chHy(L).
aecl ael’ k=1

Therefore, the Euler-Poincaré principle (1.5) can be written as

(1.10) [T —endimbe =1—chH =1- d(a)e”.

acl aecl
We will call (1.10) the denominator identity for the I'-graded Lie algebra L =
@Docr La- Indeed, in Section 3 and 4, we will see that the identity (1.10) is a
generalization of the usual denominator identity for symmetrizable Kac-Moody
algebras and generalized Kac-Moody algebras (cf. [K2], [K3], [B2]).
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Let P(H) = {« € I'| dimH, # 0}, and let P(H) = {m,72,73,---} be an
enumeration of P(H). We denote by d(i) = dimH,,. For 7 € ', define

(1.11) T(r) ={s=(si)i>1] 5 € ZZO’ZSm =T},

the set of all partitions of 7 into a sum of 7;’s. By our finiteness condition on the
semigroup T', the set T'(7) must be finite. For s € T'(7), we will use the notation
|s| =3 s; and s! =[] s;! (cf. [Bo], [Jul]). Now for 7 € T, we define a function

(1.12) Wir)= > wnd(i)st
sET(T) ’

We will call W(r) the Witt partition function. Then, using the formal power series

log(1—t)=—3 710 % and Mobius inversion, we obtain a nice closed form formula
for dimL, (a €T).

Theorem 1.1. For a € I', we have
. 1 o
(1.13) dimL, = ; Su(d)W (E) ,

where p is the classical Mébius function, and, for a positive integer d, d|a denotes
a =dr for some T €T, in which case afd = 7.

Proof. By the denominator identity (1.10), we have

. 1 1
1—e% —dimLa _ )
};[r( ¢”) 1—chH 1-52 d(i)e

Using the formal power series log(1—t) = — "7 | 1¢*, we obtain from the left-hand
side

log <H (1- eo‘)_dimL‘*> =— Z(dimLQ)log(l —e%)

acel’ ael
= Z (dimL,,) Z Loka Z Z (dimL,)
ael a€el k=1

On the other hand, the right-hand side yields

i=1 k=1 i=1
- 1 ( Z)' Si SiTi
=35 2 iy ([Taor) e
k=1 S:(qu)
$;€Z>0
Si:k‘

sl —1)! s | r
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Therefore, we have

W(r) = Z (dimLg) Z —dimLz.

T:ka k|T

Hence, by Mobius inversion, we obtain

dimL, =" %u(d)W (%) .

d|a

|

Remark. In the proof of Theorem 1.1, observe that the Witt partition function
W (r) is determined by the identity

(1.14) > W(r)e” =log <ﬁ> .

Tel

In many cases, we can use (1.14) directly to obtain simpler expressions of the Witt
partition function W (7). On the other hand, we will be able to derive a lot of
interesting combinatorial identities from various expressions of the Witt partition
function W(r) (cf. [KaK1]).

2. FREE LIE ALGEBRAS

In this section, we will discuss the applications of our dimension formula (1.13) to
free Lie algebras. When applied to free Lie algebras, our dimension formula (1.13)
will be called the generalized Witt formula. An extensive study of free Lie algebras
and the generalized Witt formula can be found in [KaK1]. Further applications of
our dimension formula to free Lie algebras and the product identities for normalized
formal power series will be discussed in Section 5.

We first recall the following fundamental results on the homology of free Lie
algebras (cf. [CE], [GL], [JLW]). Let V be a vector space over C, and let L = F(V)
be the free Lie algebra generated by V. Since the universal enveloping algebra U (L)
of L is the tensor algebra 7 (V') of V, the following exact sequence is a U(L)-free
resolution of the trivial U(L)-module C:

(2.1) 0—TW) eV -2T(V)-LC—o,

where ¢ is the multiplication map and v is the augmentation map. It follows that

2.2
(22) Hi(L)=0 for all k > 2.

Therefore the homology space H is equal to

(2.3) H=> (-1)""Hy(L) = Hi(L) = V.
k=1
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2.1. Generalized Witt formula. Let V be an r-dimensional vector space over
C and let L = F(V) be the free Lie algebra generated by V. Then the Lie algebra
L has a Zso-gradation L = @, | L, by setting degv = 1 for all v € V. The
dimensions of the homogeneous subspaces L,, are given by the Witt formula

1 n
dimL, = — E d)rd,
im "2 w(d)r

where p is the classical Mobius function (cf. [Bol, [J], [S1]). The main ingredient
of the proof of the Witt formula is the following identity:

oo

[T —gmdmin =1—rq,

n=1

which is a consequence of the Poincaré-Birkhoff-Witt Theorem. Note that we can
deduce the above identity directly from (1.10). Hence it can be considered as the
denominator identity for the free Lie algebra L = @, | Ly,.

In this paper, we work in a much more general setting. Let I' be a countable
abelian semigroup satisfying our finiteness condition given in Section 1, and let V' =
Docr Vo be a I'-graded vector space over C with dimV,, = d(a) < oo for all a € T'.
Consider the free Lie algebra L = F(V) generated by V. For each a € T, let L, be
the subspace of L spanned by all the vectors of the form [[[- - - [v1,v2] - - - Jvk—1]vE]
(k > 1) with v; € V such that degvy + - - -+ degvr, = a. Then the free Lie algebra L
has a I'-gradation L = @ . Lo. Now we will apply our dimension formula (1.13)
to the I'-graded free Lie algebra L.

By (2.3), we have H = Hy(L) = V. Hence dimH,, = dimV, = d(«a) for all & € T,
and P(H) = P(V) = {a € T'| dimV,, = d(a) # 0}. Therefore, the denominator
identity for the I'-graded free Lie algebra L is the same as

(2.4) [T —endmbe =1—chV =1 d(a)e”.

ael ael
Let {m1,72,73,---} be an enumeration of P(H) = P(V), and d(i) = dimV,, for
1=1,2,3,---. For 7 € T', we denote by T'(7) the set of all partitions of 7 into a sum

of 7;’s as defined in (1.11), and let W(7) be the Witt partition function as defined in
(1.12). Then our dimension formula (1.13) yields the following generalized version
of the Witt formula for the I'-graded free Lie algebras.

Theorem 2.1 (cf. [Kal], [Ka2], [KaK1], [Jul]). Let V = @
vector space over C, and let L = @)
Then we have

(25)  dimLo=Y éu(d)W (%) -y éu(d) 3 w JIEOR
d|a d|a ’

s€T(a/d)

wer Va be a I'-graded

acr La be the free Lie algebra generated by V.

where 1 is the classical Mobius function, and, for a positive integer d, d|o denotes
a =dr for some T € T, in which case a/d = 7.

Remark. The formula (2.5) will be called the generalized Witt formula for the T'-
graded free Lie algebras.

As a corollary of Theorem 2.1, we can recover the Witt formula immediately.
Let L = F(V) be the free Lie algebra generated by an r-dimensional vector space
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V. By (2.3), we have H = Hy(L) =V, and hence P(H) = P(V) = {1}. Thus, for

each n > 1, since the only partition of n into a sum of 1’sis n = n - 1, we have
T(n) = {S = (n,0,0, o )};

and the Witt partition function W (n) simplifies to

n—1)_ 1,
W(n):( n!)T =T

Therefore, the generalized Witt formula (2.5) yields:

Corollary 2.2 (cf. [Bol, [J], [S1]). Suppose V is an r-dimensional vector space
over C, and let L = F(V) = @,_, L, be the free Lie algebra generated by V.
Then we have

1 n
(2.6) dimLy, = = > p(d)ri.
n a
Therefore, the denominator identity (2.4) yields a product identity
(2.7) H(1 — g") ¥ Zain pdyrd _ g rq.
n=1

2.2. 1-dimensional generalization. More generally, let V = @;°, V; be a Z~¢-
graded vector space with dimV; = d(i) < oo for all 4 > 1, and consider the free
Lie algebra L = F(V) generated by V. For n > 1, let L,, be the subspace of L
spanned by all the vectors of the form [[[- - - [v1, va] - - - Jug—1]vg] (K > 1) with v; € V
such that degv; + --- + degvgy = n. Then the Lie algebra L has a Z-(-gradation
L =@, , L, We will apply the generalized Witt formula (2.5) to this setting.
Note that P(V) = Z~o ={1,2,3,---}, and for n > 1, we have

(28) T(?’L) = {S = (Si)i21| S; € Z207 Zwl = n}7

the set of all partitions of n into a sum of positive integers. Hence the Witt partition
function W(n) is equal to

(2.9) W)= 3 WHCJ@%
seT(n) )

Therefore, by Theorem 2.1, we obtain the following “1-dimensional generalization”
of the Witt formula:

Theorem 2.3. LetV =@, V; be a Z~-graded vector space over C with dimV; =
d(i) < oo for alli > 1, and let L = @, | Ly, be the free Lie algebra generated by
V. Then we have

(2.10) dimL, =) éu(d) > w [T 46
din SET(%) '

Now, we will consider the applications of the dimension formula (2.10) to several
special cases. We first consider the case where d(i) = r € Z+ for all ¢ > 1. In this
case, the Witt partition function W (n) is equal to

(2.11) W= Y (sl =Dt o,

s!
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and

1
7:1 .
1—chV Ogl—(rq+rq2+rq3+--~)

> W(n)g" =log
n=1

Note that, for any complex number r € C, we have

1 o0
log =

r +/]’~2+ k
1—(rq+r¢®>+---) (ratrq )

n
k=

:Z Z (|S|S—!1)!r|5\ 7

—

=1+q+q¢ + -, we

On the other hand, using the formal power series 1

obtain
lo ! =lo
gl—(rq+rq2+---)_ gl_ rq
I—gq
—4q

=1 =log(1l — q) — log(1 — 1
8T 1 1) og(l —q) —log(1 — (r + 1)q)
001 n n

=) —[r+1)"—1]q

n:ln

Therefore, we obtain a combinatorial identity:
(sl =D! 1 _ 1 n
(2.12) > Tr‘ I = ~[(r+1)" 1] forall7 € C,n € Zo.
seT(n)

For example, if r = 1, we get

s! n
seT(n)
and if r = —1, we get
T Usl= Db gy 2 L
s! n’
s€T(n)
Moreover, if r = —1 + (, where ( is a primitive nth root of unity, then we obtain
- 1!
T (|8|7')(_1 4ol =0,
seT(n) 5

By (2.12), the Witt partition function W (n) is simplified to

(2.13) Wn) = %[(r +1)" —1] (r € Zso).

Combining (2.13) with the dimension formula (2.10), we obtain:

Proposition 2.4. Let V = @;°, V; be a Zq-graded vector space over C with
dimV; = r € Zsg for all i > 1, and let L = .-, L,, be the free Lie algebra
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generated by V. Then we have

dimL,, = — Zu T’—I—I%—l]

(2.14) —Zu d(r+1)d if n#£l,

r if n=1.

Therefore, the denominator identity (2.4) yields a product identity

H(l Y g (@) [(r+1) d —1]
n=1

(2.15) =1—(rq+ré®+rg®>+---)
_q,_ "4 1= (r+1)q
o 1-¢ 1-q

Next, suppose d(i) = ra® (i > 1) for some r,a € Z~q. Then, by (2.12), the Witt
partition function W(n) simplifies to

(2.16) W(n) = %a”[(r 1) — 1),

Combining (2.16) with the dimension formula (2.10), we obtain:

Proposition 2.5. Let V = @;°,V; be a Zso-graded vector space over C with
dimV; = ra’ (i > 1) for some r,a € Zso, and let L = @, L,, be the free Lie
algebra generated by V. Then we have

1 n n
(217) dimL, = — 3 p(d)a¥[(r +1)F —1].
n
d|n
Therefore, the denominator identity (2.4) yields a product identity

10 - g")* Zain Dad [(r+1) T 1]
n=1
(2.18) =1-(raq+ra*¢®* +ra*g®* +--+)
rag  1—(r+ l)aq
1—aq 1—aq

=1-

Combining (2.18) with (2.15), we obtain the following ezchange principle:

Corollary 2.6. For any positive integers a and r, we have

o0

[10-amg)sZam u(@(r+1)d 1]

(2.19) =
H (1= g")% Zarn s@lr+D) T 1)

Remark. Tt is shown in [Ka8] that the identity (2.19) holds for all a,r € Z.
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Now, let us consider the case where d(1) = 0 and d(¢) = a(i —1) (i > 2) for some
a € Z-o. In this case, the Witt partition function W(n) is equal to

(2.20) Wn)= > @W‘H(i—l)
seT(n) )

and

- 1 1
W(n)q"™ = log = log - -
7; 1= chV =32 a(i—1)g'

For any complex number a € C, we have

1
On the other hand, using the formal power series a B =1+2¢+3¢4+- -,
- q
we obtain
1 1 (1-¢q)?
BIoTai-Dg ] e PU-qP—ap

1
=3[0 v -2
which yields a combinatorial identity

Z ||—1 o TG - :%((1+\/5)"+(1—\/5)"—2)

seT(n)
(2.21) n
9 (3]
= — a® for all a € C.
n 2k
k=1
It follows that
1
(2.22) W(n) = ~ [(1+Va)"+ (1 —Va)* —2] fora€ Zso.

Now, combining (2.22) with the dimension formula (2.10), we obtain:

Proposition 2.7. Let V. = @;2,V; be a Zso-graded vector space over C with
dimV; = 0 and dimV; = a(i — 1) (i > 2) for some a € Zq, and let L =@, | L
be the free Lie algebra generated by V. Then we have

dimL, = %Zu(d) (1+Va)d +(1—a)7 —2]

d|n
(223) SN [+ V) (- Va)T] i A
d|n

0 if n=1.
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Therefore, the denominator identity (2.4) yields a product identity

ﬁ (1- q”)% Zajn M(d) [(1+\/E)%+(1—\/5)% _2]

0o an
_ (- q)2 —~
(1 - )

Remark. When a = 2, ¢ = 14 +/2 is the fundamental unit of Q(v/2) and (2.24) can
be rewritten as

(225) H 1 _ q Zd\n (d)Tr(Ed) =1 2q _ q ,

where T'r is the trace map from Q(v/2) to Q.
Finally, suppose d(1) = 0 and d(i) = aa®(i —1)3"72 (i > 2) for a, o, 3 € Z~p. In
this case, the Witt partition function W(n) is equal to

o gn 5 (sl =D faa?\ e
(2.26) Wn)=p Sg(:n) 5 (ﬂg) 16— v,
and

> 1 1
E W(n)q"™ = log———— = log — - ——.
ot " 1 —chV 1-3 2 pa0?(i—1)32¢"

For any complex numbers a, a, 5 € C, we have

0g 1 k
1 ac(i — — 5 E i—2 1
1 Zi_jz (l )ﬁz 2 z ( CLOZ Z I@ )

k= 1
oo Is]
n (|S| — 1)' aa2 . Si n
= ffZTW [IG-v=|a
n=1 seT(n) ’
1
On the other hand, using the formal power series A= q? =1+2¢+3¢*+---,
—4q
we obtain
lo !
D ST
~log og (L=’
R R (e
(1—Bq)?

[(B+av/a)" + (B — av/a)" —25"] ",

SI'—‘

P

n=1
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which yields a combinatorial identity
" s/ — 1! (aa2\"! ) .
(2.27) ’ sg(:") (l lS! ) <F) He=vr
= % (B4 ava)” + (6 — av/a)* —26"] forall a,a,3 € C.
Hence we have
(228) W)= [(3+ava)" + (3 - ava) ~20"] (a,0.6 € 7).
Now, combining (2.28) with the dimension formula (2.10), we obtain:

Proposition 2.8. Let V. = @;°,V; be a Zso-graded vector space over C with
dimV; = 0 and dimV; = aa?(i — 1)B=2 (i > 2) for some a,a, 3 € Zsq, and let
L=@D,> | Ly, be the free Lie algebra generated by V. Then we have

. 1 n n n
(2.29) dimL, = ~ > uld) [(B+ava)T + (B —ava)i —287].
d|n
Therefore, the denominator identity (2.4) yields a product identity

- (1 — gny* Sam w@[(Brav@ T +(3-avm  —2514]

n=1

_ o i—2 i _ aa’q’

(1= q)? — ac?q?
(1—pq)?

Remark. Let a be a square free integer and let v = 8+ ay/a € Z[\/a]. Then (2.30)
can be rewritten as

(1= g")7 Zan HOTOD) — 1 Ty(q)q + N(7) ¢,

3

(2.31)

n=1

which generalizes (2.25). Here, Tr and N are the trace and the norm maps from

Q(va) to Q.

2.3. 2-dimensional generalization. We now counsider (Zsqx Z~)-graded vector
spaces V = @y V(s j) with dimV{; ;) = d(i,j) < oo forall4,j > 1. Let L = F(V)

i,j=1
be the free Lie algebra generated by V. For m,n > 1, let L(,, ») be the subspace
of L spanned by all the vectors of the form [[[- - - [v1,ve] - - - ]vk—1]ug] (K > 1) with

v; € V such that degvy + - -+ + degvp, = (m,n). Then the Lie algebra L has a
(Z~o x Zsg)-gradation L = @;’f’nzl L(m,n)- We will apply the generalized Witt
formula (2.5) to this setting. Note that

P(V) = Z>0 X Z>0 = {(Zaj)| Zv.] = 172a37"'}7

and for m,n > 1, we have

(2.32) T(m.n) = {s = (sij)ij21] 515 € Z20, Y si(i5) = (m,m)},
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which is the set of all partitions of (m,n) into a sum of ordered pairs of positive
integers. Hence the Witt partition function W(m,n) is equal to

(2.33) W(m,n) = Z (|3|S—! 1)! Hd(i,j)s"f,

se€T(m,n)

where |s| = 3" s;; and s! = []s;;!. Therefore, the generalized Witt formula (2.5)
yields the following “2-dimensional generalization” of the Witt formula:

Theorem 2.9. Let V = @;}3‘:1 Vii,jy be a (Zso x Z~o)-graded vector space over

C with dimV{; jy = d(i,5) < oo for alli,j > 1, and let L = @, ,_; L(mn) be the
free Lie algebra generated by V. Then we have

) 1 s|—1)! N
(2.34) dim Ly, ) = Z Eu(d) Z (llsi') H d(i, j)™.
d|(m,n) seT (%, %

Now, we will consider the applications of the dimension formula (2.34) to various
special cases. We first consider the case where d(i,j) =r € Zs for all 4,7 > 1. In
this case, the Witt partition function W (m,n) is equal to

(2.35) Wmn) = 3 (sl =Dt st

s€T(m,n) st
and
i W(m,n)p™q" = log1 —1chV = 1og1 Zool e
mon=1 T Zaij=1"P Y

Note that, for any complex number r € C, we have

k
=25 =1 k i,j=1

m,n=1 | s€T(m,n)

1
On the other hand, using the formal power series T =1+4+qg+¢*+ -, we
—q

obtain
: ! (1-p)(1—gq)
IOgT = 1og _ 1Og
L= 1- ™1 T Pyapsy p
(1-p)(1-q)
o) min(m,n)
(m+n—c—1)!
= Z Z (7"— 1)0 pmqn.

m,n=1 =0 (m —c)l(n —c)le!

Therefore, we obtain a combinatorial identity

min(m,n)

(2.36) > wr\sl = ¥ (%jg!(_nc__c;?c!! (r—1)¢ forall 7 € C.

s€T(m,n) c=0




4298 SEOK-JIN KANG AND MYUNG-HWAN KIM

For example, if r = 0, we get
min(m,n) (m+n—c—1)!

Z (m —¢)l(n— )l (-

c=0

1)°=0.

Hence, the Witt partition function W(m,n) is equal to

min(m,n)

(2.37) W(m,n)= >

c=0
Combining (2.35) and (2.37) with the dimension formula (2.34), we obtain:

(m+n—c—1)!
(m —¢)l(n— )l

(r—1)°¢ (r € Zso).

Proposition 2.10. Let V = @;)3-:1 Viij) be a (Zso x Zso)-graded vector space
over C with dimV(; jy =1 € Zso for alli,j > 1, and let L = @?ﬂom:l Lyn,n) be the
free Lie algebra generated by V. Then we have

dimL(m’n) = Z Eﬂ(d)
d|(m,n) s€T(%,%)
(238) 1 min( %, %)
_ 1 —(r —1)°.
> guld) (@ oz —oa" Y

d|(m.n) e=0

Therefore, by letting

min(m,n)
(

m+n—c—1)!

(239) S’r(mv n) = (m — C)'(?’L — C)!C!

(r—1)° (r,m,n € Zy),
c=0

the denominator identity (2.4) yields a product identity

H (1 — pg)=aitn.m Lyu(d) S, (2, 2)
m)n:]_
i,jZ:1 (1—-p)(1-q)
_1—[p+q+(r—1)pg]
(1-p)(1—gq)

Next, we consider the case where d(i,7) = ra’¥’ (i, > 1) for some positive
integers r, a, and b. In this case, by the identity (2.36), the Witt partition function
W (m,n) is equal to

(sl =1)

!
I8l
s!

W(m,n) = a™b" Z
(241) .SET(m,n)
minlmn) (m+n—c—1)!

=antt Z (m—c)!(n—c)!c!(T_l)c'

c=0

Combining (2.41) with the dimension formula (2.34), we obtain:

Proposition 2.11. Let V = @;’)3:1 Vii,jy be a (Zso x Z=o)-graded vector space
over C with dimV{; ;) = ra't’ (i,7 > 1) for some positive integers r, a, and b, and
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let L = @;O,nzl Lymn) be the free Lie algebra generated by V. Then we have

. 1 m . n S —1 ' s
dlmL(mm): Z E'u(d)adbd Z %TH

(2.42)

dl(m.n) c=0

Therefore, using (2.39), the denominator identity (2.4) yields a product identity

o0

H (1— pmq”)z‘i“m’") Lu(d)ad bd §,.(m,m)
m,n=1
S raibin el bpg
(243) =1 Tazbjplqj —1_ L
2 (1 —ap)(1 — bq)

1-— [)a];—i- bq + (r — 1)abpq]
(1 —ap)(1—bq)

Comparing (2.40) and (2.43), we obtain the following double exchange principle
which is an analogue of (2.19):

Corollary 2.12. For any positive integers r, a, and b, we have

H (1 — ambnpmqn)zd\(nl,n) %N(d)ST(%)%)
(2.44) m’":;
= H (1 —pmq")zd\(m,n) %H(d)a%b%&(%,%).
m,n=1

Remark. Tt is shown in [Ka8] that the identity (2.44) holds for all a,b,r € Z.
Finally, suppose d(i,j) = a(i —1)(j — 1)o7 (i,j > 2) for some positive integers
a, «, and 3. Then the Witt partition function W (m,n) is equal to

i) Wonm=amer |50 PR - )
s€T(m,n) ’

and

Z W(m,n)p™q" = log

m,n=1

1 —chV

1
:”%<1—2$Jau—wu—nwmww>'
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For any complex numbers a, a, 5 € C, we have

1
log <1 — i ali=1)( - 1)0<i6jpiqj>

k
=2 k > ali=1)( —Da'sp'e’
k=1 i,j=2
_mnzla —0 (m—C)!(n—c>!c! a a p"q".
On the other hand, using the formal power series (1 —1 el 2q+3¢%+- -,
we obtain
lo L o 1
Ty -G - Dapg 0 a0
(a1~ BaP
= log (1 —ap)*(1 — Bg)*
(1= ap)*(1 = Bq)* — alap)*(Bq)?
00 min(m,n)
- e (m+n—C—1)' c c c m_n
=2 " Y o g (Ve DT G (Va1 e

Therefore, we obtain a combinatorial identity

Z | | _ 1 al® IH VSis (j — 1)%is

se€T(m,n)
(2.46)

min(m,n)

S ((m“‘“"”’ [(Va - 1)° + (—1)°(va + 1)]

—c)! —c)le!
— (m c)l(n —e)le!

for all a € C. For example, if a = 1, we get

min(m,n)
(Is[ = 1)

PR | (DY

s€T(m,n) c=0

(m+n—c—1)!
(m —¢)l(n—¢)ld!

(=2)%

Hence, the Witt partition function W(m,n) is equal to
W(m,n) =a™p" min(zm,n) (m+n—c—1)!
e —  (m—c)l(n—c)

% [(Va— 1)+ (1) (va+1)].
Combining (2.45) and (2.47) with the dimension formula (2.34), we obtain:

(2.47)

Proposition 2.13. Let V = @;,_,
over C with dimV{; jy = a(i — 1)(j — 1)’ 37 (i,j > 1) for some positive integers a,

Vii,jy be a (Zso x Z=o)-graded vector space
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«, and 3, and let L = @;O,nzl Ly n) be the free Lie algebra generated by V.. Then
we have

1 m n
dlmL(mm): Z E,u(d)aiﬁg
d|(m,n)

< > 7“8'5_, DY o [IG—1G -1
(2.48) ST (%2 '

d>’d

1 m
= Z Eﬂ(d)a <3
d|(m,n) c=0

< [(Va-1)°+ (-1)°(Va+1)].

Therefore, by letting S(m,n) = dimL,, »y for all m,n > 1, the denominator iden-
tity (2.4) yields a product identity

a3
—~
a3
|
o
~ |2
~
3
|
o
N~—
o

[T a=pmgm)srm =13 aii—1)(j — )’ Fp'¢’
m,n=1 i,7=1
2 2
(2.49) _1_ _ aap)*(5q)
(1 —ap)*(1 - Bq)?
(1 - ap)?(1 - Bq)? — a(ap)®(Bq)®
(1 —ap)*(1 - fg)?
2.4. Further generalization. Now we will consider the n-dimensional generaliza-
tion of the exchange principles (2.19) and (2.44). Let V = 69(1'17»»» in)€ZT, Wiy, vin)
be a ZY,-graded vector space over C with

dimV{;, ... 5,y = d(i1, -+ ,in) < oo forall (i1, -+ ,i,) € ZL,

and let L = F(V) be the free Lie algebra generated by V. For ki,--- k, €
Z-o, let L, ... k,) be the subspace of L spanned by all the vectors of the form
([ [v1,v2] - - - Jue—1]ve] (¢ > 1) with v; € V such that

deguy + -+ + degvy = (k1,- -+, kn).
Then the Lie algebra L has a ZZj-gradation L = ®(k1,---,kn)eZ" Ly, k- We

>0

will apply the generalized Witt formula (2.5) to this setting. Note that
PV)=2Z% ={(ix,- - yin)| i1, yin = 1,2,3,-- },
and for (ki,--- ,ky) € Z%,, we have
T(ki,--  kn) ={s=(Sir,in)| Sir,oein € L>0,

(2.50) ) ;

Z Sil;"' yin (217 e 72”) = (k]-? e 7I€’I’L)}7
which is the set of all partitions of (ki,---,ky) into a sum of ordered n-tuples of
positive integers. Hence the Witt partition function W (ky,--- , k) is equal to

(2.51) Wiky, - ky) = Z w Hd(ila )i

s€T (k1 kn)

where |s| = > 84, i, and s! = [ s, Therefore, the generalized Witt for-
mula (2.5) yields the following “n-dimensional generalization” of the Witt formula:

i e
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Theorem 2.14. Let V = ®(i1,~-~,in)ez’>‘g Viis i) be a Z%y-graded vector space
over C with dimVy;, ... ; vy = d(i1,- - ,in) < 00 for all (i1, -+ ,in) € ZZ, and let
L = ®(k1,~-~,kn)eZ§0 Lk, ... k,) be the free Lie algebra generated by V. Then we
have

dimLy, ... k,) = E Eu(d)W (317 e 73)
2.59 d|(k1,- kn)
B d’u s! 15 s In .
dl(klx"';kn) SET(%]-)---7%)

Now we will consider the application of the dimension formula (2.52) to two

special cases. We first consider the case where d(i1, -+ ,i,) = r € Zso for all
(i1, ,in) € ZZ;. In this case, the Witt partition function W (ky,--- , k) is equal
to
(Is[ = D! |
(2.53) W(ky, - kn) = Z Tr‘ |,
SET (K1, kn)

and

Z Wk, ko) - i :1og;

) 3 1 n 1 _ ChV
k1, kn=1

1

o k1 kn *
LS

= log

Hence, by the dimension formula (2.52), we obtain:

Proposition 2.15. LetV = 69(1-1’“, Jin)EZ, Viir o i) be a ZZy-graded vector space
over C with dimV;, ... ; )y = r € Zsqo for all (i1, - vin) € 2%, and let L =
EB(kl e kn)EZT, Ly, ,... k,) be the free Lie algebra generated by V. Then we have

. 1 (Is| = D!
(2.54) dimL, ... k,) = Z E“(d) Z Tr' |
d|(ky,e kn) s€T(EL ... En)

Therefore, by letting
(|S| — 1)' s
(2.55) Splkr, - k)= Y Trl 3
SET (K1, kn)

the denominator identity (2.4) yields a product identity

o0

H (1 _ (]]fl . qﬁn)zd‘(kl,... kn) %N(d)ST(%LH” >%)
k ) '7k7n:
(2.56) ' b
i ¢ dn
=1- rgt g =1— .
L a0

Next, we consider the case where

d(iy, -+ yin) =ral ---aln forall (iy,--- ,i,) € Z2,
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with a1, ,an, € Zso. In this case, the Witt partition function W(kq,--- , k)
is equal to
Kk kn (|S| _1)' |s|
(2.57) Wik, -+ kn) = ay" - -ay Z s! " ’
SET (K1, kn)

and

i W ki, k)i - g = log———

o 1 n 1—chV
ki, kn=1

1 1

0g 00 k kn k kn "
1 n k1 n

1 §:k1,---,kn—1 ray” -+ Gn gy " dn

Hence, by the dimension formula (2.52), we obtain:

Proposition 2.16. LetV = ®(i1,~-~ Jin)EZ, Viir, in) be a ZZy-graded vector space
over C with

. i i
dimVi, ... 5,y =ral' ---a; (r,a1,--- ,an € Zxo)

for all (i1,--- ,in) € Z%, and let L = @(kl,---,kn)ezgo Lk, ... k) be the free Lie
algebra generated by V. Then we have

1 k1 kn —1)!
dimL g, .. ) = Z Eﬂ(d)%dl ey Z (|S|7'),,|s\
S!
(2 58) d‘(klf")k’n) SGT(le,---,kT")
' 1 o Ky,
- Y gt afs (G B,
d|(k1,+ kn)
erejore, € aenominator 1aentity . Yyielas a proauct taentity
Th the d imator identity (2.4) yield duct identit
o] k1 kn &
H (1—g ...qk")zdukl,--- oy gH(d)ay? an® Se (T B
ki, kn=
(259) T
=1— Y raf'--alrgl gy =1- Tt Gngin

(I —a1q1) - (1 —angn)’

i1, yin=1

Comparing (2.56) and (2.59), we obtain the following n-dimensional exchange
principle which is a generalization of (2.19) and (2.44):

Corollary 2.17. For any positive integers r, ai,--- ,an, we have
> k
H (1-— alfl .. .aﬁnq’fl .. .qﬁn)zd\(kl,m o) F (@) S (e )
(260) N
_ H (1= g - g )t ) Fu(d)ay® an® Sp(GF )
iy kn=1

Remark. Tt is shown in [Ka8] that the identity (2.60) holds for all 7, a1, - , apn € Z.
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3. KAC-MOODY ALGEBRAS

In this section, we will apply our dimension formula (1.13) to symmetrizable Kac-
Moody algebras to derive a closed form root multiplicity formula (Theorem 3.5),
which is a generalization of Berman-Moody’s formula [BM]. Our root multiplicity
formula enables us to study the structure of a symmetrizable Kac-Moody algebra
g as a representation of the smaller Kac-Moody algebra gg contained in g. We will
discuss the applications of our formula to some classes of indefinite Kac-Moody
algebras.

3.1. The Weyl-Kac character formula. We begin with some of the basic
definitions in Kac-Moody theory [K3]. Let I be a finite index set. An integral
matrix A = (a;j)i jer is called a generalized Cartan matriz if (i) a; = 2 for all
i eI, (ii) a;; < 0 for i # j, (iii) a;; = 0 implies a;; = 0. We assume that the
generalized Cartan matrix A is symmetrizable, i.e., there is an invertible diagonal
matrix D such that DA is symmetric. A realization of A is a triple (h,II,11V),
where b is a complex vector space of dimension 2|I| — rankA, II = {«;| i € I}
and IV = {h;| ¢ € I} are linearly independent subsets of h* and b, respectively,
satisfying «;(h;) = a;j for i,j € I.

Definition 3.1. The Kac-Moody algebra g = g(A) associated with a generalized
Cartan matrix A = (as)i,jer is the Lie algebra generated by the elements e;, f;
(1 € I) and h € b with the defining relations:

[h,h'] =0 (h,h €h),
[hvei] = ai(h)eia [hvfj] = _al(h)fl (Z € I)a
(aded) =5 (e3) = (adf)' =9 (f;) = 0 (i #J).
The elements of TI (resp. I1V) are called the simple roots (resp. simple coroots) of
g. For each ¢ € I, we define the simple reflection r; € GL(h*) on h* by r;(\) =
A — A(h;)ay;. The subgroup W of GL(h*) generated by the r;’s (i € I) is called the
Weyl group of g.

Let Q = @,c; Zai, QT = 3,1 Z>oc, and Q- = —QT. We define a partial
ordering > on h* by A > p if and only if A — 4 € Q*. The Kac-Moody algebra
g = g(A) has the root space decomposition

(3.2) g= @ 9o, where g, = {x € g| [h, 2] = a(h)z for all h € b}.

aeqQ
An element o € @Q is called a root if « # 0 and g, # 0, and dimg,, is called the
multiplicity of the root a. A root a > 0 (resp. « < 0) is called positive (resp.
negative). All the roots are either positive or negative. We denote by A, AT,
and A~ the set of all roots, positive roots, and negative roots, respectively. Let
g+ = P,s080 and g = P, ga- Then we have the triangular decomposition

(3.3) g=9-Dgo Do+
A g-module V is called h-diagonalizable if

(3.1)

(34) V=PV, where Va={veV|h-v=Ah)v forall h e b}.
Aeh*
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If V\ # 0, then ) is called a weight of V', and dimV), is called the multiplicity of A
in V. When dimV), < co for all A € h*, we define the character of V to be

(3.5) chV = Y~ (dimVy)e?,
AEb*
where e are the basis elements of the group algebra C[h*] with the multiplication

et = eAH,

A g-module V is called a highest weight module with highest weight A € h* if
there is a nonzero vector v € V such that (i) g+ -v =0, (ii) h-v = A(h)v for all
h e b, (iii) U(g) - v =V, where U(g) is the universal enveloping algebra of g. The
vector v is called a highest weight vector. Let by = h+ g4+ be the Borel subalgebra
of g and C) be the 1-dimensional b;-module defined by g4+ -1 =0, h-1 = A(h)1 for
all h € h. The induced module M () = U(g) @y s, ) Ca is called the Verma module
with highest weight A. Every highest weight g-module with highest weight A is a
quotient of M (A). The Verma module M () contains a unique maximal submodule
J(X), and its irreducible quotient M(X)/J(\) will be denoted by V().

If X is dominant integral, i.e., A(h;) € Z>¢ for all i € I, then the character of
V(A) is given by the Weyl-Kac formula:

Proposition 3.2 ([K2], [K3, Theorem 10.4]).

Zwew(_l)l(W)ew(A+p)—p

HaEA* (1 _ ea)dimga )
where p € b* is a linear functional satisfying p(h;) = 1 for all i € I, and l(w)
denotes the length of w.

When A = 0, we obtain the usual denominator identity for symmetrizable Kac-
Moody algebras :

(3.7) H (1 — e)dima — Z (_1)1(W)ewp—p'

aEA— weWw

(3.6) chV (\) =

3.2. The root multiplicity formula. Let J be a subset of I and we denote
by Ay = AN (Y es Zay), AT = Ayn A%, and AE(J) = AT\ AT, Similarly,
let Qr = QN (X,c,Zay), QF = QN Q*, and Q*(J) = Q*\ QF. Define

g(()‘]) =h® (B,ea, 8a), and gg) = @aecat(s) 9a- Then we have the triangular
decomposition :

(3.8) g=o0" ogf ogl”,

where gé‘]) is the Kac-Moody algebra (with an extended Cartan subalgebra) asso-

ciated with the generalized Cartan matrix A; = (a;;)i jes, and g(_‘]) (resp. gf)) is
a direct sum of irreducible highest weight (resp. lowest weight) modules over g(()‘])
[K3, Ch. 10].

Let W; = (rj| j € J) be the subgroup of W generated by the simple reflections
r; (j €J),and let W(J) = {w e W| wA~ NAT C AT(J)}. Then W is the Weyl
group of the subalgebra g((JJ) and W (J) is the set of right coset representatives of
Wy in W. That is, W = W;W(J) (see, for example, [Li]). The following lemma is

very useful in actual computation.

Lemma 3.3 (cf. [Kal], [Ka2|, [Li]). Suppose w = w'r; and l(w) =(w')+1. Then
w € W(J) if and only if w' € W(J) and w'(a;) € AT(J).
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Since g, = 0 for a € Q~(J)\ A~ (J), the Lie algebra g(_J) is graded by the abelian
semigroup @~ (J), which satisfies the finiteness condition in the beginning of Section
1. We will apply our dimension formula to the algebra g(_‘]) = @aeQ,(J) Ja-

Let C be the trivial g-module. The homology modules Hy, (g(_J)) = Hy (g(_J), C)
are determined by the following formula known as Kostant’s formula:

Proposition 3.4 ([GL], [Li)).

(3.9) He(@") = P Vilwp—p),
weW (J)
l(w)=k

where Vy(u) denotes the irreducible highest weight g((JJ)-module with highest weight

1
)

Therefore, the homology space for the algebra g(_‘] is equal to
HY =3 (1) H(@) = Y ()M Y Vilwp—p)
k=1 k=1 weW (J)
(3.10) Hw)=k
= > (=) (wp —p),
weW (J)
l(w)>1

)
(3.11) [T @—endimee= 3" (—1)/"chV;(wp — p).

aeQ=(J) weW (J)

and hence the denominator identity for the algebra g'“’ is the same as

In particular, when J = ¢, we have W (J) = W, and we recover the usual denomi-
nator identity (3.7).

Let P(HY) = {a € Q=(J)| dimHS" # 0} = {r,72,73,--}, and d(i) =
dimH;iJ) for i =1,2,3,---. For 7 € Q= (J), we denote by T/)(7) the set of all
partitions of 7 into a sum of 7;’s as defined in (1.11), and let W(/)(7) be the Witt
partition function as defined in (1.12). Then our dimension formula (1.13) yields a
closed form root multiplicity formula for all symmetrizable Kac-Moody algebras.

Theorem 3.5 (cf. [Kab]). Let o € A= (J) be a root of a symmetrizable Kac-Moody
algebra g. Then we have

1 «
dimge = > =pu(dw) (=
> (5)

1 sl —1)! s,

dla  seT)(2)

(3.12)

If J = ¢, then the homology space is equal to
(3'13) H® — Z (_1)l(w)+lcwp_p7

weW
l(w)>1

and hence P(H®)) = {wp—p| w € W,l(w) > 1}. Let {1, =w;p—p|i=1,2,3,---}
be an enumeration of P(H(?)), and denote by T(#)(7) the set of all partitions of 7



DIMENSION FORMULA FOR GRADED LIE ALGEBRAS 4307

into a sum of 7;’s. Then dimHﬁfb) = (—1)1(“’7‘)"’1, and our root multiplicity formula

i

(3.12) reduces to Berman-Moody’s formula:

Corollary 3.6 ([BM]).

(3.14) dimg, = Z éu(d) Z M H |:(—1)l(w71)+1:|5i .

s!
d|a SET(¢)(%)
3.3. Rank 2 hyperbolic Kac-Moody algebras. Let A = —2b _;) be a
generalized Cartan matrix with a > b and ab > 4. Since 0 2) A= <—2a ;_f),
b b

A is symmetrizable, and the Kac-Moody algebra g = g(a,b) associated with A is
of hyperbolic type [K3, Ch.4]. In this subsection, we will apply our root multiplic-
ity formula (3.12) to the rank 2 hyperbolic Kac-Moody algebra g = g(a,b), and
determine its root multiplicities using the Fibonacci-type sequences {4, }n>0 and
{Bn}n>0 defined by

Aop=By=0, A1=DB1=1,
(315) An+2 = aBn-i—l - An + 1;
Bn+2 = bAn-l—l — Bn +1 (TL 2 O)

(see also [K3, Exercise 5.25]).

We first take J = ¢. Then g(()J) = Chy ® Ch; is the Cartan subalgebra and
W(¢) = W, the full Weyl group, which is the free product of two cyclic groups of
order 2. Thus we have an explicit description of W:

(3.16) W = {1,79(r1r0)’,r1(ror1)?, (ror1 )+, (riro)’ 1) j > 03,
and the homology space H(?) is equal to

HO = $° (c1)w+g,,,
weWw

l(w)>1
= Z (Cro(ﬁro)’ﬁ—P ® Crl(Torl)jP—P)
>0
S Z (C(Toﬁ)j“p—p ® C(nro)j“p—p) :
j=0
By induction, we obtain
ro(riro) p —p = —Asjr100 — Bajaq,
r1(ror1)?p — p = —Asjag — Bajiia,
(3.17) (ror 21 7 o
(ror1)’ ™ p — p = —Agjr200 — Baji0,

+1
(riro)’ ™ p — p = —Agji100 — Bajoon.
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It follows that
H(¢) = Z (C—A2j+1ao—B2j0¢1 2] C—A2ja0—B2j+10‘1)

720
(3 18) S § (C—A2j+2ao—32j+1ai @ C—A2j+1ao—32j+2ai)
: j>0
- E C A1+10¢0 B (o5 @ C A ag— B1+1a1) N

Therefore, by identifying —kao —lon € Q~ with (k1) € Z>o X Z>, we have

(3.19) P(H'?) = {(Ais1, Bi), (Ai, Biy1)| i > 0}

and

(3.20) dimH() ) =dimH , = (-1)" (i>0).

Hence the denominator identity of the algebra g(¢) is equal to

B2 [ (gt =1 3o (1)t g 4 P,
m,nEZ>g 1=0

(m,n)#(0,0)

where p = e~ ¢ = e~ 1. Moreover, the set T(®) of all the partitions of (k,) into
a sum of (A;41,B;)’s and (A, Bj+1)’s (4,5 > 0) is given by

T(¢)(k,l) ={(s;t) = (siitj)ij>0| sist; € Zxo,

(3.22) > si(Air1, Bi) + Y ti(Aj, By) = (k, 1)},

>0 j=0
and the Witt partition function W(#)(k,1) is the same as
(%) _ (sl + 1t =1 s isity i,
(3.23) WO (k)= Y R TR ) ity
(s5t)ET(P) (k,1)
Therefore, our root multiplicity formula (3.12) yields:

Proposition 3.7. Let g = g(a,b) be the hyperbolic Kac-Moody algebra associated

with the generalized Cartan matrix A = —2b —2a> with a > b and ab > 4. Then,
for the root « = —may — nay, we have
1 m n
; — - (¢)
dimgo = > Zu(d)W ( 4’ d)
d|(m,n)
(3.24)

_ Z %,U(d) Z (|5| + |t| - 1)!(_1)Zi5i+2jtj_

sl ¢!
d|(m,n) (s5t)€T(#) (2, 2y

Example 3.8. Let a =4 and b = 3. We will compute the multiplicity of the root
a = —5ap — 4a; of the hyperbolic Kac-Moody algebra g = g(4, 3). By the formula
(3.24), we have

dimg(4, 3)(5,4) = W?(5,4).
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The first few terms of the sequences {4, }n>0 and {B,},>0 are
Ay=By=0, Ay =B1 =1, Ay =5, By =4,
Ay =16, Bs = 15,
Hence P(H®)) = {(1,0),(0,1), (5,1), (1,4), (16,4), (5,15), - - - }, where
mult(1,0) = mult(0,1) =1,

mult(5,1) = mult(1,4) = -1,
mult(16,4) = mult(5,15) =1,
Since (5,4) = 5(1,0) +4(0,1) = 4(1,0) + (1,4) = (5,1) + 3(0, 1), we get

8l 4l 3!
ETRTAR AT
Hence dimg(4,3)(5,4) = W(#)(5,4) = 12

Now we take J = {1}. Then gé‘]) = {(e1, f1,h1) ®Chy = sl(2,C) & Chgy, W(J) =
{L,ro(riro)?, (ror1)’*!| j > 0}, and

HO = 5 ()W up— p)
weW (J)
l(w)>1

oo

(3.25) = Z (Vi(—Agjy100 — Bajar) © Vi(—Agjye00 — Bajyiaa))

W) (5,4) = (—1) =12.

<
Il
o

(—l)iVJ(—AH_lOZ() — Biozl),

o

-
Il
=]

where V;(u) denotes the (u(hi) + 1)-dimensional irreducible representation over
81(2, C) Since (_Ai_l,_]_ao — Bial)(hl) = bAi+1 — 2Bi, we have

(3.26) P(HY)Y = {(Ai11, Bi +7)| i > 0,0 < j < bAjy1 — 2B;}
and

. (J) _ i
(327) dlmH(qu+17Bi+j) - (_1) ’

()

Hence the denominator identity for the algebra g ”’ is equal to

0o bA;j11—2B;

(3.28) [T a-prgytimsenm =13~ 3" (—1)iphinghits,
=0 j=0

meZ~o
n€Zx>o

The set T()(k,1) of the partitions of (k,1) into a sum of (A;41, B; + j)’s is given
by

(329) TV (k1) = {s = (sij)isz0l 85 € Zz0, Y sij(Aiy1, Bi+7) = (k, 1)},
and the Witt partition function W(/) is the same as

(3.30) W (k1) = Z (Is| —1)! (—1)Z s,

s!
€T (k,1)

Therefore, our root multiplicity formula (3.12) yields:
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Proposition 3.9. Let g = g(a,b) be the hyperbolic Kac-Moody algebra associated

with the generalized Cartan matric A = —2b —2a> with a > b and ab > 4. Then,
for the root « = —may — nay, we have
1 m n
e 5 o (5.
dimge = D Spu(d)W (=, -
(3.31) it
' 1 (Is| =1
= 3 @ Y T,
d|(m,n) SET(D) (2, 1y )

Example 3.10. We compute the multiplicity of the root a = —5ay — 4y of the
algebra g = g(4, 3) which we considered in Example 3.8. The formula (3.31) gives

dimg(4,3)(5,4) = W (5,4).
By (3.26), we get

P(H(J)) = {(15 0)7 (15 1)7 T (17 3)v (57 1)5 (57 2)v T (57 13)a (1674)7 """ }7
where
mult(1,0) = --- = mult(1,3) = 1,
mult(5,1) = -+ - = mult(5,13) = -1,

mult(16,4) =1,------ .
Since the partitions of (5,4) are given by
(5,4) =2(1,0) +2(1,1) + (1

,2) =3(1,0)+2(1,2)
—3(1,0) + (1,1) + (1,3) = (1

,0) +4(1,1),
we get
A4 44
Ds oy AL AL A A
WG =gttty tgtED=12

Hence dimg(4,3)(5,4) = 12, as we have seen in Example 3.8.

3.4. The hyperbolic Kac-Moody algebra §. Let § be the hyperbolic Kac-
Moody algebra associated with the generalized Cartan matrix
2 -1 0
A= (aij)i,j:—l,(),l =1-1 2 =21,
0o -2 2
and I = {—1,0,1} be the index set for the simple roots of §. We will apply our

root multiplicity formula (3.12) to the algebra § and give three different formulas
for the root multiplicities of §.

We first take J = {0,1}. Then SE)J) = {ey, €1, fo, f1, ho, h1) + b is isomorphic to
the affine Kac-Moody algebra Agl), and the elements of W(J) can be determined
by using Lemma 3.3. For example, we have

W(J) = {r—1,7—170, 717071, 71707170, " * },
and (3.10) yields
HY) 2V (—a_y) 6 Vi(—2a_1 — ag) & Vi(—4a_1 — 30 — 1)
OVy(—Ta_1 —6ag —3a1) B -+,
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where V;(\) denotes the irreducible highest weight module over the affine Kac-
Moody algebra Agl).

The multiplicity of the weight p in V;(\) is given by the number of A-paths of
weight 1, denoted by Py ,, arising from the crystal base theory of quantum affine
Lie algebras [KMN]. For a root a € A~(J), let P(H)) <, = {11, 79,73,---} be
the set of weights of H(/) that can appear as summands in an expression of «, and
for any 7 dividing «, let T(/)(7) be the set of all partitions of 7 into a sum of 7;’s.
Then we have

def . w
(332) ,PZ = dunH;J) = Z (—1)l( )+1Pwp—p,7'ia

weW (J)
I(w)>1
and the Witt partition function W (/) (1) is given by
() _ (Is| = 1)! si
(3.33) w(r)y =Y T 17
seT( (1)

Therefore, our root multiplicity formula (3.12) yields:

Proposition 3.11. Let « € A~ (J) be a root of the hyperbolic Kac-Moody algebra
5. Then we have

dimF, =Y éu(d)wm (9)

d|a

_ dzéu(d) Z (|S|5_! 1! les

seT()(2)

(3.34)

Next, we take J = J; = {—1,0}. Then &ng) = (e_1,€e0, f-1, fo,h—1,ho) + b =
sl(3,C) + b, and the elements of W (J1) can be determined by using Lemma 3.3.
Hence we have

W (Jy) = {r1,riro, riror1, riror—1,- - - },
and (3.10) yields

H 2V (—a1) © Vi (—ap —3a1) ® Vy, (—3ap — 6a1)
D VJl(_Oé_l — 20 — 50[1) SN

where V, (\) denotes the irreducible highest weight module over si(3, C).

The multiplicity of the weight p in Vj, (\) is given by the number of semi-
standard tableaux of shape A with weight 11, denoted by K ,, which is called the
Kostka number (see, for example, [BBL]. For aroot a € A~(Jy), let P(HVV))<,, =
{T1,72,73,---} be the set of weights of H(/) that can appear as summands in an
expression of a, and for any 7 dividing «, let T(/1)(7) be the set of all partitions of
7 into a sum of 7;’s. Then we have

def ;. w
(3.35) K; < dmH) = > ()M K,

wEW(Jl)
I(w)>1
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and the Witt partition function W (/1) (1) is given by
() (Is] = D! s
(3.36) w(r) = Y — [1x:
seT 1) (1)
Therefore, our root multiplicity formula (3.12) yields:

Proposition 3.12. Let o € A7 (J1) be a root of the hyperbolic Kac-Moody algebra
5. Then we have

dimF, =Y éu(d)WUl) (%)

d|a

~Sha 5 R

seTW1) (%)

(3.37)

Finally, we take J = ¢. Then ") = b and W(¢) = W, the full Weyl group. In
[FF], it was shown that there is an isomorphism W = PGL(2,Z) given by

0 1 -1 1 1 0
(3.38) r_1— =+ (1 ()) , To— =+ < 0 1) == (0 _1) )
Hence, by (3.10), we have

(3.39) HO = N (—1)/HCy, , = Y (—detw)Cup_p,
wew wePGL(2,Z)
l(w)>1 w#1

and P(H®)) = {wp — p| w € PGL(2,Z),w # 1} with mult(wp — p) = — detw. Let
{7 =wip—p|i=1,2,3,---} be an enumeration of P(H(#)), and denote by T(?)
the set of all partitions of 7 into a sum of 7;’s. Then we have

(3.40) dimH!?) = — detw,
and the Witt partition function W (%) is given by
— 1)
(3.41) W) = Y M [T detw;)®.
seT(®) (1) 5

Therefore, our root multiplicity formula (3.12) yields:

Proposition 3.13. Let o € A™ be a root of the hyperbolic Kac-Moody algebra §.
Then we have

dimF, =Y éu(d)ww (%)

d|a
(3.42)
1 s —1)! .
= Z Eu(d) Z (llsi') H(— det w;)*.
d|o SET @) (2) )
Remark. (a) For the root o« = —ka—_1 —lag—maq with k,1,m > 0, the above three

different expressions of the multiplicity of a will yield a combinatorial identity.
(b) Tt is still an open problem to prove Frenkel’s conjecture on the upper bound
of the root multiplicities of §:

(3.43) dimF, < p (1 - @) :

where p(n) denotes the number of partitions of n into a sum of positive integers.
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3.5. The extended hyperbolic Kac-Moody algebras F(a,b). In [SUMI1],
N. Sthanumoorthy and A. Uma Maheswari introduced the notion of extended hy-
perbolic Kac-Mody algebras. More precisely, let A = (a;;); jer be a generalized
Cartan matrix and suppose every proper connected subdiagram of the Dynkin
diagram of A is of finite, affine, or hyperbolic type. Then the corresponding Kac-
Moody algebra g = g(A) is called an extended hyperbolic Kac-Moody algebra. For
example, consider the generalized Cartan matrix

2 —a 0
A= (aij)m:_m)l = —-b 2 -2 with ab 2 4.
0o -2 2

Then the Kac-Moody algebra §(a, b) associated with the matrix A is an extended
hyperbolic Kac-Moody algebra.
In [SUM2], the algebra §(a,b) was realized as the minimal graded Lie algebra

with local part V & go @ V*, where g is the affine Kac-Moody algebra Agl), Vis

the irreducible highest weight module over Agl) with highest weight A such that
A(ho) = b, A(h1) = 0, and V* is the contragredient module of V. When a = 1,
using the homological methods developed in [Kal] and [Ka2], N. Sthanumoorthy
and A. Uma Maheswari gave a multiplicity formula for the roots of level < 3. In
this work, we will apply our root multiplicity formula to the algebra §(a,b) and
give a multiplicity formula for all the roots of §(a,b) in terms of the number of
paths arising from the crystal base theory.

Let I = {—1,0,1} be the index set for the simple roots of §(a,b) and take

J ={0,1}. Then S(a,b)é‘” = (eo, €1, fo, f1, ho, h1) + b is isomorphic to the affine
Kac-Moody algebra A:(Ll), and the elements of W (J) can be determined by using
Lemma 3.3. Thus we have

W(J) = {r_1,r—1r0,7—170T—1,"—1T0T1, T—1T0T—1T0, T—1T0T—171,

T_1TOT-1T0," " },
and (3.10) yields

HY) =V (—a_1) 0 Vi(—(a+1)a_1 — ag)
® Vi(—alb+1)a_1 — (b+ 1)ag)
®Vi(—Ba+1)a_1 —3ap — a1)
O Vi(—alab+b—1a_1 —bla+ 1)ap)
e Vi(—ab+3)a_; — (b+3)ap — ay)

O Vy(—(6a+1)a_; —6ap —3a1) D+,

where V;(A) denotes the irreducible highest weight module over the affine Kac-
Moody algebra Agl).

The multiplicity of the weight p in V;(\) is given by the number of A-paths of
weight 1, denoted by Py ., as we have seen in the case of the algebra §. For a root
a€ A™(J), let P(HY))<, = {71, 72,73, - } be the set of weights of H(/) that can
appear as summands in an expression of «, and for any 7 dividing «, let T(/)(7)
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be the set of all partitions of 7 into a sum of 7;’s. Then we have

def . w
(3.44) P = dimHY) = Z ()i @*Hp,

weW (J)

l(w)>1
and the Witt partition function W) (1) is given by

D)y _ (s = 1)! s
(3.45) w(r) = 3 — [17:
s€T) (1)

Therefore, our root multiplicity formula (3.12) yields:
Proposition 3.14. Let o € A~ (J) be a root of the extended hyperbolic Kac-Moody
algebra §(a,b). Then we have

dimF(a,b)o = Z %”(d)W(J) (%)

d|a
(3.46)
1 s|—1)! s
:Zgﬂ(d) Z _(| |s' ) sz
dla $ET)(S) ’

Remark. The above approach can be applied to a more general class of indefinite
Kac-Moody algebras that can be realized as the minimal graded Lie algebras with
local part V & gg @ V*, where g is a Kac-Moody algebra of classical finite type or
classical affine type, V is a direct sum of irreducible highest weight modules over
go with dominant integral highest weights, and V* is the contragredient module
of V (cf. [BKM1]). For example, one can give a root multiplicity formula for the
indefinite Kac-Moody algebra associated with the generalized Cartan matrix

2 —a O
A=|-b 2 -4
0o -1 2

There have been some efforts to understand the root multiplicities of indefinite Kac-
Moody algebras, including the algebras § and F(a,b) (see, for example, [BKM1]-
[BKM3], [FF], [Fr], [KMW], [Kal]-[Kad4], [KM1], [KM2], [SUM2]). However, their
general behavior is still mysterious.

4. GENERALIZED KAC-MOODY ALGEBRAS

In this section, we will apply our dimension formula (1.13) to generalized Kac-
Moody algebras to derive a closed form root multiplicity formula (Theorem 4.4),
which enables us to study the structure of a generalized Kac-Moody algebra g as
a representation of a Kac-Moody algebra gy contained in g. The choice of go gives
rise to various expressions of the root multiplicities of g, which would yield some
interesting combinatorial identities. We will discuss the applications of our root
multiplicity formula to various generalized Kac-Moody algebras. In particular, by
applying our root multiplicity formula to the Monster Lie algebra, we obtain a
recursive relation for the coefficients ¢(n) of the elliptic modular function:

o0
(4.1) jlg) — 744 = Z c(n)q™ = ¢ 4 196884q + 21493760 + - - - .

n=-—1

(Corollary 4.10. See also [Ka6], [Jul], [KaK1].)
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4.1. The Weyl-Kac-Borcherds character formula. We first recall some of the
basic facts about generalized Kac-Moody algebras ([B2], [Ju2]). Let I be a finite
or countably infinite index set. A real matrix A = (a;;)i jer is called a Borcherds-
Cartan matriz if (1) a; =2 or a;; <0 forall i € I, (ii) a;; < 01if i # j and a;; € Z
if a;; = 2, (ili) a;; = 0 implies aj; = 0. We assume that the Borcherds-Cartan
matrix A is symmetrizable, i.e., there is a diagonal matrix D = diag(s;|i € I)
with s; > 0 (¢ € I) such that DA is symmetric. Let I = {i € I| a;; = 2},
I'™ = {i € I| a;; < 0}, and let m = (m; € Z=o| i € I) be a collection of positive
integers such that m; =1 for all ¢ € I"°.

Definition 4.1. The generalized Kac-Moody algebra g = g(A, m) associated with
a symmetrizable Borcherds-Cartan matrix A = (a;;); jer of charge m = (m;li € I)
is the Lie algebra generated by the elements h;,d;(i € I), ey, fir (i € I,k =

1,--+,my;) with the defining relations:
[hi, hj) = [di, d;] = [hi,d;] = 0,
(hiseji] = aijeji, [his f1] = —aij fii
[di,eji] = dijeji, [dis fi1] = —6ij fjts
(42) [ J J~] J JJ ]

eik, f51] = 0ij0riha,

(adeir)' = (ej1) = (adfip)' "7 (fi) =0 if a; = 2,1 # j,
leirseji] = [fir, fu] =0 if az; =0

(7’73 S Iak: 17 7mi7l: 17 7mj)'

The subalgebra b = (,.; Chi) ® (,c; Cd;) is called the Cartan subalgebra of g.
For each i € I, we define a linear functional a; € h* by

(43) Oéi(hj) = Qjj, ai(dj) = 5ij (Z,j € I)
The linear functionals a;(i € I) are called the simple roots of g.
Let Q = @P,c; Zay, QT = 3,1 Z>o0, and Q~ = —QT. We define a partial

ordering > on h* by A > pu if and only if A — u € Q. The generalized Kac-Moody
algebra g = g(A, m) has the root space decomposition

(4.4) g= @ 9o, where g, = {z € g| [h,2] = a(h)z for all h € h}.
ac@

An element a € @Q is called a root if a # 0 and g, # 0, and dimg,, is called the
multiplicity of the root a. A root o > 0 (resp. « < 0) is called positive (resp.
negative). As in the case of Kac-Moody algebras, all the roots are either positive
or negative. We denote by A, AT, and A~ the set of all roots, positive roots, and
negative roots, respectively. Let gy = @ ., 8o and g_ = P, ga- Then we have
the triangular decomposition

(4.5) g=g-®goDgy.

For each i € I"®, we define the simple reflection r; € h* by r;(A) = A — A(hi)oy
(A € b*). The subgroup W of GL(h*) generated by the r;’s (i € I"®) is called the
Weyl group of g. Let p € b* be a linear functional satisfying p(h;) = %a“— for all
i € I. Since the Borcherds-Cartan matrix A = (a;;); jer is symmetrizable, there is
a W-invariant symmetric bilinear form ( | ) on Q & Zp satisfying (o;|a;) = s;ai;
and (pla;) = $(o|a;) for all i,j € I. We say that a root a is real if (a|o) > 0,
and imaginary if (a|a) < 0. In particular, the simple root «; is real if a;; = 2, and
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imaginary if a;; < 0. Note that the imaginary simple roots may have multiplicity
> 1.

As in the case of Kac-Moody algebras, we can define h-diagonalizable modules,
highest weight modules, Verma modules, irreducible highest weight modules, etc.
for symmetrizable generalized Kac-Moody algebras.

Let PT = {X € h*| A(h;) > 0 foralli e I, A(h;) € Z>o if a;; = 2}, and let
V(A) be the irreducible highest weight module over g with highest weight A. We
denote by T the set of all imaginary simple roots counted with multiplicities, and
for F C T, we write F' L X if A(h;) =0 for all ; € F. Then the character of V(X)
is given by the Weyl-Kac-Borcherds formula :

Proposition 4.2 ([B2], [K3]).

S wew (—1)H @ FIFlgwitp=s(F)—p
FIA

4.6 hV(\) = c
(4:6) AV [y AP T —
where F' runs over all the finite subsets of T such that any two distinct elements in
F are mutually perpendicular, |F| denotes the number of elements in F, and s(F)
is the sum of elements in F'.

Letting A = 0, we obtain the denominator identity for symmetrizable generalized
Kac-Moody algebras:

(4.7) H (1 — e@)dimga — E : (= 1) )+ F | gulp=s(F) =,
agA” wew
FCT

4.2. The root multiplicity formula. Let J be a finite subset of I"® and we
denote by Ay = AN (Y, ; Zay), AT = A;NAF and A*(J) = AT\ A% We also

denote by Qs = QN (¥ e, Zay), Q7 = Qs NQ*, and Q*(J) = QF \ Q. Define

g((JJ) =ho (®0¢€AJ ga), and g(i‘]) = ®aeAi(J) go- Then we have the triangular

decomposition:
(4.8) o=g" @0 @g!”,

where gé‘]) is the Kac-Moody algebra (with an extended Cartan subalgebra) asso-

ciated with the generalized Cartan matrix A; = (a;;)i jes, and g(_‘]) (resp. gf)) is
a direct sum of irreducible highest weight (resp. lowest weight) modules over gé‘]).

Let W; = (rj| j € J) be the subgroup of W generated by the simple reflections
r; (j € J), and let W(J) = {w € W| wA™ N AT C A*(J)}. Then Wy is the
Weyl group of the Kac-Moody algebra g(()‘]) and W(J) is the set of right coset
representatives of W; in W. Moreover, the elements in W (J) can be determined
by Lemma 3.3.

As in the case of symmetrizable Kac-Moody algebras, we view g(J) as the Q(_J)—

graded Lie algebra and apply our dimension formula to the algebra g(_‘]). First of
all, we need to determine the homology space
HY =3 (-1 Hi(s™) = Hi(e™) © Ha(a”) © Ha(s™) 0 - -
k=1
In [N], S. Naito proved the Kostant formula for the homology of generalized Kac-
Moody algebras under the assumption that the index set [ is finite. In this case, we
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can derive the denominator identity for the algebra g(_J) using the Euler-Poincaré
principle. However, many interesting generalized Kac-Moody algebras such as the
Monster Lie algebra have the Borcherds-Cartan matrix indexed by a countably
infinite set. Therefore, even though we believe Naito’s method can be generalized
to a more general class of generalized Kac-Moody algebras, we will derive the
denominator identity for the algebra g(_J) directly from the Weyl-Kac-Borcherds
character formula.

Proposition 4.3 (cf. [Ka6]). Let J be a finite subset of I"°. Then we have
(4.9) [[ a-entme== 3" (=) FlebV;(w(p - s(F)) - p),

a€Q=(J) weW (J)
FCT

where Vy(u) denotes the irreducible highest weight module over the symmetrizable
Kac-Moody algebra g((JJ) with highest weight p.

Proof. Let P C P* be the set of all A € h* such that A(h;) € Zxq for all
j € J. We first show that w(p — s(F)) —p € Pf for all w € W(J). Since
w(p—s(F))—p € Q, it is clear that (w(p—s(F)) —p)(h;) € Z for all j € J. Thus
it remains to show that (w(p—s(F'))—p)(h;) > 0 forall j € J. For each j € J, since
w € W(J), we have w1 (cj) > 0. Hence (wp|a;) = (plw™*(c;)) > 0, which implies

(wp)(hj) = % > 0. Therefore, (wp — p)(h;) = (wp)(h;) —1 > 0. Moreover,
Qg

since J C I"¢, we have s(F)(h;) < 0 for all j € J. Hence (w(p — s(F)) —p)(h;) >0

for all j € J.

Now, by the Weyl-Kac character formula, we have
Swew (1)) gw'wlp=s(F))=p
w J
_ pa)dimge
HQEQ; (1 € ) g
Therefore, the right-hand side of (4.9) yields

> (=), (w(p — s(F)) — p)

weW (J)
FCT

chVy(w(p — s(F)) — p) =

(_1)l(w’)ew’w(p—S(F))—p

(1 _ ea)dimga

— Z (_1)l(w)+\F| ZWIEWJ

weW (J) aeQy
FCT
E’wEW(J) (—1)l(w)+l(w’)+\F|ew’w(p—s(F))_p
U),GWJ

FCT

HaeQ; (1 _ ea)dimga
w _ 1)) +|F|pw(p—s(F))—p
_ Ty e
_ pa\dimge
HQGQ;(I € ) 9

By the denominator identity (4.7), this is equal to

_ pa\dimgs
HMoeqz (L= 520

which proves the identity (4.9). O

(1 = e dimge )
HaeQ ( ) H (1 _ ea)d]mg067
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Let
(4.10) H = @ Vilwlp—s(F) = p),
weW (J)
FCT
l(w)+|F|=k

and define the homology space H(/) of g(_‘]) to be

@11 B =S C)HHD = (O (- s(F) - p)
k=1 weW (J)

FCT
Ww)+[F|=1

Let P(HY) = {a € Q ()] dimHS) # 0} = {1, 72,73,---}, and d(i) =
dlmH;i) for i = 1,2,3,---. For 7 € Q(J), we denote by T/ )( ) the set of all
partitions of 7 into a sum of 7;’s as defined in (1.11), and let W(/)(7) be the Witt
partition function as defined in (1.12). Then our dimension formula (1.13) yields a
closed form root multiplicity formula for all symmetrizable generalized Kac-Moody
algebras.

Theorem 4.4 (cf. [Kaf]). Let « € A= (J) be a root of a symmetrizable generalized
Kac-Moody algebra g. Then we have

dimg, = 3 éu(d)ww (%)

d|la

1 s|—1)! s
:ZE Z (||3—|)Hd(z)

dla  ser)(2)

(4.12)

Suppose the Borcherds-Cartan matrix A = (a;;); jer of charge m = (m; €
Zo|i € I) satisfies: (i) the set I"® is finite, (ii) a;; # 0 for all i,5 € I'™. If we
take J = I"¢, the set of all real indices, then the algebra 90 =hoP (GaaeAJ ga) is
the Kac-Moody algebra (with an extended Cartan subalgebra) associated with the
generalized Cartan matrix Ay = (a;;); jes, and the generalized Kac-Moody algebra
g= (J) @ g(J) @ g( can be realized as the minimal graded Lie algebra with the
1ocal part V & gé )@ V*, where V = D.crim Vi(—a;)®™i, V* is the contragredient
module of V', and m;’s are the multiplicities of the imaginary simple roots a;’s (cf.
[K1], [BKMl], [Kal], [Jul]).

By our conditions on the Borcherds-Cartan matrix, the denominator identity of
() is the same as

the algebra g
H (1 —e®)dimea — 7 _ Z chVj(w(p — s(F)) — p)
acQ=(J) w%W:(FJ)
(4.13) L(w)+TF|>1
=1- Z michVJ(—ai).
ielim

(

But, sinceg = g % EBg(J) EBg(J) is the minimal graded Lie algebra with the local part

V@gé )EBV* the algebra g( is a homomorphic image of the free Lie algebra F~ =
Doco- () Fa generated by V = @ jim Vi(—a;)®™. By (2.4), the denominator
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identity of the free Lie algebra F~ is equal to

H (1 —e)dimFa —q Z michVj(—a;).

aeQ~(J) iclim

In particular, dimF, = dim(g(_‘]))a for all @« € @~ (J). Hence the algebra g(J)

7/ is iso-
morphic to the free Lie algebra generated by V = @ Vi(—a;)®™i. Therefore,
we obtain:

ielim

Proposition 4.5 (cf. [Jul], [JW]). Suppose that a Borcherds-Cartan matriz A =
(@ij)ijer of charge m = (m; € Zsoli € I) satisfies: (i) the set I"® is finite, (i)
ai; 7 0 for all i,j € I'™. Let J = I"®, and consider the corresponding triangular
decomposition of the generalized Kac-Moody algebra:

g=g(A4m) =g ol el

Then the algebra g(_J) = @aeA,(J) Oo (Tesp. gf) = @aeA+(J) 9o ) s isomorphic
to the free Lie algebra generated by the space V- =@, pim Vy(—a;)®™ (resp. V* =
Dicrim Vi(—as)®™ ), where Vy(u) (resp. Vj(p)) denotes the irreducible highest

weight (resp. lowest weight) module over the Kac-Moody algebra gé‘]) with highest
weight p (resp. lowest weight —pu).

Remark. Proposition 4.5 shows that, under the above assumptions, the generalized
Kac-Moody algebra g = g(_‘]) &) g(()‘]) &) gf) is isomorphic to the mazimal graded Lie

algebra with local part V & g((JJ) o V.

4.3. Low rank cases. In this subsection, we will apply our root multiplicity
formula (4.12) to the generalized Kac-Moody algebras associated with rank 1 and
rank 2 Borcherds-Cartan matrices, and determine their root multiplicities explicitly.
As an illustration of the denominator identity (4.9) and the root multiplicity formula
(4.12), we consider the rank 1 case first.

Let A = (a) be a Borcherds-Cartan matrix of charge m = (r), where a = 2 or
a <0, r € Zsg, and let g be the generalized Kac-Moody algebra associated with
A = (a) and m = (r). In this case, we denote by « the only simple root of g (which
may have multiplicity > 1 if it is imaginary).

If a = 2, then we must have » = 1, and the simple root « is real. Hence the
algebra g is isomorphic to sl(2,C) ¢ Cd = gl(2, C).

If @ < 0, then the simple root « is imaginary with multiplicity » > 1, and hence
T = {e,---,a} (counted r times). Since there is no real simple root, we should
take J = ¢ and W(J) = W = {1}. Consider a subset F' C T such that any two
distinct elements in F' are perpendicular. Since (a]o) = a # 0, F' must be either
empty or {a}, which implies

(4.14) H=H=C_,®---®C_, (r copies).

Thus P(H) = {—a}, dimH_, = r, and the denominator identity for the algebra
g- =@, | 9-na is equal to
(4.15) (1—g")tmeme =1 —rq,

n=1

where ¢ = e~ ™.
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It follows that the algebra g_ = @, | g—nq is isomorphic to the free Lie algebra
generated by the homology space H, and therefore the Witt formula (2.6) yields

1
4.16 dimg_pa = — d)r
(4.16) img = uld)yr?

Indeed, our root multiplicity formula (4.12) gives the same result. Hence the algebra
g is isomorphic to the maximal graded Lie algebra with local part H & h & H*. If
r = 1, then the algebra g is isomorphic to gl(2, C).

If a = 0, then the simple root « is imaginary with multiplicity » > 1, and
T = {a, -+ ,a} (counted r times) as in the case when a < 0. Again, we should
take J = ¢ and W(J) = W = {1}. But, since (a|a) = 0, we can take F' to be any
subset of T. Therefore, by (4.10), we obtain

(4.17) o, — C_a®  -dC_py fork<r ((;) copies),
0 for k > r,
and P(H) = {—a, —2a,--+,—ra} with dimH_j, = (—=1)F"1(}). Hence the de-
nominator identity for the algebra g— = @, | g—na is the same as
4.1 _ n\dimg_pq —1_ _1\k+1 r k _ AT
(4.18) [Ta-a 1-Y (-1 g =0-a
n=1 k=1

which implies

r ifn=1
4.19 dimg_ o = ’
(4.19) e {0 ifn>2.

Hence the algebra g is isomorphic to the (2r+1)-dimensional Heisenberg Lie algebra
plus one-dimensional derivations.
On the other hand, we have

(4.20) T(—ka)={s=(s1,"+",87)| $i € Z>0,51 + 252+ -+ 18, =k} =T,(k),

which is the set of all partitions of k with parts < r, and the Witt partition function
W (—ka) is equal to

W(—ka)= Y W 1 [(—1)”1 (7;)]

seTy (k)

NS (||_1 |H<>

seTy (k)

(4.21)

Therefore, by our root multiplicity formula (4.12), we obtain

dimg_nq = Z éu(d)W (—%)

_Zd“ 1) Z (||—1 IH()

dln SETH(B)

(4.22)

Combining (4.22) with (4.19) yields a combinatorial identity

(4.23) Zéu(d)(—l)% > (sl = D! |_1 |H<> =0 forn>2.
d|n

SETT( n)
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Now we consider the generalized Kac-Moody algebra g = g(A,m) associated
with the Borcherds-Cartan matrix A = <—2b :i) of charge m = (1,r) with
a,b,c,r € Zsg. Let I = {0,1} be the index set for the simple roots of g. Then ag
is the real simple root and «; is the imaginary simple root with multiplicity » > 1.
Thus we have T = {aq,--- ,a1} (counted r times), and since (a1]az) < 0, F can
be either empty or {a;}.

If we take J = ¢, then g(J) = b, the Cartan subalgebra, and W (¢) = W =
{1,r9}. Hence by (4.10) we obtain
(4.24) HY =C_,, & C% oC¥

(a+1l)ag—ar”

By identifying —kao — lag € Q@ with (k,[) € Z>o x Z>g, we have
P ={(1,0),(0,1), (a+1,1)},

and
$) 2] (#)
dlrnH(1 0 = =1, dlrnH(0 H =7 dimH, (ar1,1) = T
Therefore, the denominator identity for the algebra g(¢) is equal to
(4.25) II a—prgmtmeens =1—p—rg(1—p*™),
m,n€Zx>q
(m,n)#(0,0)

where p =e~* and ¢ = e~ 1.
Moreover, the set T(?)(k,1) is given by

T(¢)(k7l) :{S = (avﬁa ’7)| Oéaﬁﬁ € ZZO;
a(1,0) + 6(0,1) + v(a+ 1,1) = (k, 1)}

) k
—{ —(a+ )t 1 — ,t)|tzO,l,-u,mln({a_’_l],l)}.

Hence the Witt partition function W(®)(k, 1) is equal to

(4.26)

min([ail],l)

(k+1—(a+1)t—1)!
(k= (a+ 1)1 — t)'e!

(4.27) W (k1) = r!

(]

(_l)tv

t

"O

and our root multiplicity formula (4.12) yields:

Proposition 4.6. Let g = g(A,m) be the generalized Kac-Moody algebra associ-
ated with the Borcherds-Cartan matric A = <—2b :CCL> of charge m = (1,r) with
a,b,c,r € Ziwg.

Then, for the root « = —magy — nay, we have

. 1 m n
dimg, = Z Eﬂ(d)W(¢) (ga E)
d|(m,n)
(4.28)

1 5 !
_ Z Eﬂ(d)rd ( —(a—i—l)t)!(% t)'t'( 1"

d)(m.n) t=0
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Now, if we take J = {0}, then gé‘]) = (eo, fo,ho) + b = sl(2,C) + b, and
W(J) ={1}. By (4.10), we obtain

(4.29) HY) =Vy(~a1) @@ Vy(—a1) (r copies),

where Vj(—ay) is the (a 4+ 1)-dimensional irreducible representation of si(2, C).

It follows that P(H)) = {(i,1)] i = 0,1,--+,a} with dimH{}, = r for all i =

()

0,1,---,a. Therefore, the denominator identity for the algebra g "’ is equal to
- rq(1—p**)
4.30 1—pmgm)dimeemm =1 - =2
(4.30) T a-»mq" -
mEZzo
n€Zso

For k € Z>q and | € Z~, consider the set

T (k,1) = {5 =(50,51, - , 5a)| 8i € Z>0,
80(07 1) + 81(17 1) +-- 4+ Sa(a’a 1) = (ka Z)}

(4.31)
= {5 =(s0,51,""" , 84)| 5i € Z>o,
So+s1+ - -+sa=1,8+2s2+-+as, =k}
If k=0, then sg =1, 5y = --- = s, = 0, which implies W(/)(0,1) = %rl. It follows
that

. 1 n
dimg_ o, = - dZ:,u(d)r .

Therefore, the subalgebra Fo = @~ | §—na, is isomorphic to the free Lie algebra
generated by the space C_q, & --- @ C_,, (r copies).

If k,1 > 0, note that each partition s € T(/)(k,1) can be written as s = (s, ),
where so runs from 0 to  — 1 and ¢ = (s1,- -+, S,) corresponds to a partition of k
with parts < a of length [ — sg. Thus we have

T(J)(k,l) ={s=(s0,%)| $0=0,1,---,1—1,
(4.32) p € Ty(k) with |p| =1— 50}
:{S = (l - |(p|?(p)| 2 € Ta(k)7 |(p| = 1727 e 71}7

and the Witt partition function W (/) (k, 1) is given by

—1)!
(4.33) WD (k1) =r" Y 1(171),'
ver (L leDle!
o] <!

Therefore, our root multiplicity formula (4.12) yields:

Proposition 4.7. Let g = g(A,m) be the generalized Kac-Moody algebra associ-

ated with the Borcherds-Cartan matric A = <—2b :ZL) of charge m = (1,r) with

a,b,c,r € Ziwg.
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Then, for the root « = —magy — nay with m,n > 0, we have
1 m n
: _ -l (L=
dimga = Y. —p(@w! (2. 2)
d|(m,n)
(4.34) L. n )
- T @0t 3 e
d|(m,n) peTa () @ A
lol<%

Hence the algebra g is isomorphic to the maximal graded Lie algebra with local
part HY) @ (s1(2,C) + b) @ H)*,

By comparing the formulas (4.28) and (4.34), we can show by induction that
W@ (k1) = W (k1) for all k,I > 0. Consequently, we obtain the following
combinatorial identity:

Proposition 4.8 (cf. [KaK2]).

min([a—il],l)

(btl-(a+ =D 5 ( (1—1)!

(4.35) ) PR VT = To)ial

=0 PETa (k)

lel<i
4.4. Monstrous Lie algebras. The classification theorem of finite simple groups
tells that there are exactly 26 sporadic simple groups besides the family of alter-
nating groups on n letters (n > 5) and the families of simple groups of Lie type
(see, for example, [GLS]). The largest among the sporadic simple groups has order

216.320.59.76.112.13%.17-19-23-29-31-41-47-59 - 71,

and it is called the Monster due to its enormous size.

The trivial character degree of the Monster simple group G is, by definition, one,
and the smallest nontrivial irreducible character degree of G is 196883 [FLT]. It was
noticed by McKay that 1+196883=196884, which is the first nontrivial coefficient
of the elliptic modular function

jl@) =744 = > c(n)g" = g + 196884q + 21493760¢” + - - - - -- .

n>—1

Later, Thompson found that the first few coeflicients of the modular function
j(q) — 744 are simple linear combinations of the irreducible character degrees of G
[T]. Motivated by these observations, Conway and Norton conjectured that there
exists an infinite dimensional graded representation Vi = @, ., V¥ of the Monster

simple group G with dimV,! = ¢(n) such that the Thompson series

(4.36) Ty(q) = Y Tr(glVihg" = D co(n)q"
n>—1 n>—1

are the normalized generators of the genus zero function fields arising from cer-
tain discrete subgroups of PSL(2,R) [CN]. Their conjecture is referred to as the
Moonshine conjecture.

The natural graded representation V' = D,~ 1 Vrf of the Monster simple group
G in the Moonshine conjecture, called the Moonshine module, was constructed by
Frenkel, Lepowsky, and Meurman using the theory of vertex (operator) algebras
[FLM]. They also calculated the Thompson series for some conjugacy classes of the
Mouster, and verified the Moonshine conjecture for these Thompson series.
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In [B5], Borcherds completed the proof of the Moonshine conjecture by con-
structing a II; ;-graded Lie algebra L = @(m’n)enl . L(m,n), called the Monster
Lie algebra, where I ; is the 2-dimensional even Lorentzian lattice associated

with the matrix (_01 _01> We will briefly recall Borcherds’ construction of the

Monster Lie algebra given in [B5].

A wvertex algebra V over C is a complex vector space with an infinite family of
bilinear products, written u,v for u,v € V, n € Z, such that

(i) upv =0 for n>> 0,

(ii) for all w,v,w € V and m,n, q € Z, we have

> (T) (Ug+i0)m+n—iw

icZ

= S0 (1) (- s(oms) = (1))

icZ

(iii) there is an element 1 € V such that v,1 =0 if n > 0 and v_11 = v for all
veV. R

For example, let L be an even lattice and L be its central extension by a group of
order 2. Then we can construct a vertex algebra Vi, = S (@,., Li) ® C|L], where

C[Z] is a group ring of the double covering L of L and S (B,-0 Li) is the ring
of polynomials over the sum of an infinite number of copies of L; = L ®z C [B1].
Another interesting example is the Moonshine module V* = @, ., V! constructed
in [FLM]. -

We define the operator D of a vertex algebra V by D(v) = v_s1. The vector
space V/DV is a Lie algebra with the bracket defined by [w,7] = Twov, where ~—
denotes the corresponding equivalence class in V/DV [B1]. A conformal vector of
central charge c of a vertex algebra V' is defined to be an element w in V' such that
(i) wov = D(v) for all v € V, (ii) wiw = 2w, waw = ¢/2, ww = 0 for i = 2 or i > 3,
and (iii) any element of V' is a sum of eigenvectors of the operator Ly = wy with
integral eigenvalues. For a conformal vector w of V| we define the operator L; on
V by L; = w;y1. Then these operators satisfy the relations:

[Li; L] = (i = j)Lit; + %
and hence V' becomes a module over the Virasoro algebra. The operator L_; is
equal to D. We define the subspace P’ = {v € V| Lo(v) = iv, L;(v) = 0 for i > 0}.
The space P'/(DV N P') is a Lie subalgebra of V/DV, which is equal to P*/DP°
for the vertex algebra V7, or for the Moonshine module V¥, It is shown that the Lie
algebra P1/DPY is a generalized Kac-Moody algebra [B2], [B4].

Let V% be the Moonshine module, and let V7, , be the vertex algebra associated
with the lattice I1; ;. Then the tensor product ViV, I, is also a vertex algebra,
and the space P1/DPY for this vertex algebra is a Lie algebra with a symmetric
invariant bilinear form (, ). We define the Monster Lie algebra L to be the quotient
of the Lie algebra P! /DP° by the kernel of the form (, ). Hence the Monster Lie
algebra L is a I 1-graded representation of the Monster simple group G such that
Lm.ny = V3, as G-modules for (m,n) # (0,0). In particular, we have

(4.37) dim L, ) = dimV? = ¢(mn) for all (m,n) # (0,0).

51‘4_]'70 (i3 — i)C,
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On the other hand, the Monster Lie algebra can be regarded as a generalized Kac-
Moody algebra [B5]. We take I = {—1}U{1,2,3,---} as the index set, and consider
the Borcherds-Cartan matrix A = (—(i + j)); jer of charge m = (c(i)|i € I), where
c(i) are the coefficients of the elliptic modular function j(q) — 744 =Y | ¢(n)q".
Let g = g(A,m) be the generalized Kac-Moody algebra associated with the data
A = (=(i +j))ijer and m = (c(i)[i € I). Then a_; is the only real simple
root, and «; are the imaginary simple roots with multiplicity ¢(¢) (¢ > 1). Thus
W ={l,r_1} and T = {a, -+ ,a;] i > 1}, where each «; is counted c(i) times.
Since (a|a;) = —2i # 0 for ¢ > 1, F can be either empty or {a;} (c(#) choices).
Hence, if we take J = ¢, we obtain by (4.10)

W) HO—ce (@ c?;@) 6 (@ 0 ) |

i=1 i=1
) s

Therefore, the denominator identity for the algebra g(¢ is equal to
H (1 —e®)dimga — 1 _ =01 _ Zc(i)e_o” + Zc(i)e‘io‘*l_o‘i.
aEQ- i=1 i=1

We identify the simple roots a_y with (1, —1) and «; with (1,¢) (¢ > 1). Then the
generalized Kac-Moody algebra g = g(A,m) becomes a I ;-graded Lie algebra,

(#)

and the denominator identity for the algebra g-*’ can be written as

[T a—prgmytimsen =1—pg- Z c(i)pq’ + Z P!
=1 =1

m>0
nez

(4.39)

=p(p Y c@p') —pla + Y ci)g’)
=1 =1

=p(ip) — (),

(1,0) (0.1).

where p = e~ and ¢ = e~
In [B5], Borcherds proved the following product identity for the elliptic modular

function j:

(4.40) pt [ @ =pmg™)™™) = ji(p) — jiq).

m>0
neZ

Therefore, we obtain
dimg(y,, ) = c(mn) for all m > 0,n € Z,

and hence the Monster Lie algebra L = Ga(m)n)enm L ) is isomorphic to the
11, ;-graded generalized Kac-Moody algebra associated with the Borcherds-Cartan
matrix A = (—(i + j))ijer of charge m = (c(i)[i € I) (with a modified Cartan
subalgebra).

We will apply our root multiplicity formula (4.12) to the Monster Lie algebra L =
Dmmyern s Lmny. Take J = {~1}. Then L§" = {e_1, f_1,h_1) 2 si(2,C) + b,
and W (J) = {1}. By (4.10), we obtain

(4.41) HY = H" = B Vi (—a;) @
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where Vj(—q;) is the i-dimensional irreducible representation of si(2,C) (since
—a;(h—1) =i —1). It follows that

(4.42)  P(HD) = {(=i,—j)| i,j € Zso} withdimH") _ =c(i+j—1).

)

Therefore, the denominator identity for the algebra LY s equal to
(4.43) H (1 —pmg)dimbonm =1 — Z cli+7—1)p'¢.
m,n=1 i,j=1

For k,1 > 0, we have
(444) T (k1) = T(k,1) = {s = (si)i 21| 55 € L0, Y si;(i, ) = (k, 1)},

the set of all partitions of (k,[) into a sum of ordered pairs of positive integers, and
the Witt partition function W) (k,1) is given by

(Is| = 1! s
(4.45) WD (kD)= Y S [Tct+i-1).
seT(k,l)
Therefore, our root multiplicity formula (4.12) yields:

Proposition 4.9. Let L = P
form,n € Z<y, we have

(4.46) dimLip,y = Y éu(d) > (|S|S_!1)!Hc(z'+j—1)5ﬁ.

d|(m,n) SET(%,%

mon)ella L(mm.n) be the Monster Lie algebra. Then,

Combined with (4.37), we obtain the following interesting relations for the coef-

ficients c(n) of the elliptic modular function j(q) — 744 =3""" | ¢(n)q":
Corollary 4.10 (cf. [Ka6], [Jul], [KaK1]).

(4.47) c(mn) = Z éﬂ(d) Z (|S|S—| 1)! Hc(l i

d|(m,n) SET(%,%

Remark. In [JLW] and [KK], the relation (4.47) was generalized to the relation of
the coefficients ¢4(n) of the Thompson series

Ty(q) = > TrglVig" = > cg(n)g™

n>—1 n>—1
More precisely, for m,n > 0, we have
1 (|ls| = 1! o i
(4.48) co(mn) = > —(d) — [T eouti+4—1).

d|(m,n) seET (4, %) 5

It was pointed out in [JLW] that these relations completely determine all the coef-
ficients cq(n) if the values of ¢; (1), cn(2), cn(3), and ¢ (5) are known for all h € G.
In particular, the relation (4.47) is a complete recursive relation determining the
coefficients c(n) of the elliptic modular function j(gq) — 744.

More generally, let A = (—(i + j))i jer be the Borcherds-Cartan matrix of the
Monster Lie algebra (I = {—1}U{1,2,3,---}) and let f(q) = >_.° | f(n)g" be
a formal power series where f(—1) = 1, f(0) = 0, and f(n) € Zx( for all n >
1. Consider the generalized Kac-Moody algebra g = g(A, f) associated with the
Borcherds-Cartan matrix A = (—(i + 7)) jer of charge f = (f(i)|i € I). Then a_;

als
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is the only real simple root and «; are the imaginary simple roots with multiplicity
f@) (i = 1). (We just neglect those «;’s for which f(i) = 0.) By identifying
the simple roots a—_; with (1, —1) and «; with (1,¢) (¢ > 1), the generalized Kac-
Moody algebra g = g(A, f) becomes a I 1-graded Lie algebra. This I'I; ;-graded
generalized Kac-Moody algebra will be called the Monstrous Lie algebra associated
with the formal power series f(¢) = > | f(n)¢", and we will denote it by L(f) =
Ga(m)n)eIIL1 L(f)(m,n)

For example, the Monstrous Lie algebra associated with the elliptic modular
function j(q) — 744 is the Monster Lie algebra, and the Monstrous Lie algebras
associated with the Thompson series Ty(q) = > o ¢g(n)g™ with ¢g4(n) > 0 for
all n > 1 are the Monstrous Lie algebras considered in [B5]. Of course, we can
generalize this notion to define the Monstrous Lie superalgebras associated with
any formal power series f(q) = > oo, f(n)¢™, where f(—1) =1, f(0) = 0, and
f(n) € Z for all n € Z (see [Ka8]), which generalizes the notion of Monstrous Lie
superalgebras considered in [B5].

Let
f)-i-: @L( (mn) and L @L —m,n)'

m>0 m>0
nez nez

By the same argument for the Monster Lie algebra, the denominator identity for
the algebra L(f)_ is the same as

(4.49) [T —prgn)™ Demm = p(f(p) - (q)),

m>0
nez

1,0) 0,1)

where p = e~ ( and g = e~ (
Moreover, if we take J = {—1}, then, as we have seen for the Monster Lie
algebra, we have L(f)(J) >~ l(2,C) + b,

(4.50) HY = g = EB Vi (—a;)®F ),

and
(4.51) P(HY)Y) = {(—i,—j)|i,j € Z=o} with dlmH((J) = =fli+j-1).
()

Consequently, the denominator identity for the algebra L(f) "’ is equal to
(4.52) [T @ =prgndmions =1 3" f(i+j—1)p'e,
m,n=1 i,j=1

and our root multiplicity formula (4.12) yields:

Proposition 4.11. Let L(f) = @(m,n)elh,l L(f)(mn) be the Monstrous Lie alge-
bra associated with a formal power series f(q) = > - | f(n)qg", where f(—1) =1,
f(0) =0, and f(n) € Z>o for alln > 1.

Then, for m,n € Z~q, we have

. 1 s —1)! o .
@53)  dmL(Poun = Y u@ S P pGe
d|(m,n) sET( 2, 2) ’

where T(k,1) denotes the set of all partitions of (k,l) into a sum of ordered pairs
of positive integers.
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Remark. It follows from Proposition 4.5 or Proposition 4.11 that the algebra L( f )(_J)
is isomorphic to the free Lie algebra generated by

g — @ VJ(—OZi)@f(i),
i=1

where H() is regarded as a (Zo X Zo)-graded vector space

o = P H,

( with dimH(", = f(i+j—1).

7) @

ij=1

Hence the algebra L(f) is isomorphic to the maximal graded Lie algebra with local
part HY) @ (sl(2,C) + b) @ H)*,
Example 4.12. (a) If f(q) = ¢7!, then L(f) = sl(2,C) & Cd £ ¢l(2, C).

(b) If f(q) = ¢~* +rq, then P(H)) = {(~1,-1)} with dimH"} _, = r.
Hence the denominator identity for the algebra L(f )(_J) is equal to

o0

H (1 _ pmqn)dimL(f)(m,n) -1— rpg.

m,n=1
Moreover, we have

W (k, k) = %rk, and W (k1) =0 if k#1,

which yields

1 n
= Z u(d)yrda if m=n,
ng

dimL(f) mn) =
0 if m # n.
Therefore, L(f)- = @, L(f)(=n,—n) is isomorphic to the free Lie algebra gener-
ated by an r-dimensional vector space (see Corollary 2.2).
(c) If f(q) =q t+rq+r¢®>+rg®+---, then dimH((ﬁ =T for all 7,5 € Zsy,
and the denominator identity for the algebra L(f )(_J) is the same as
- : S g
1 _pmqn AimL(f) (m,n) -1— szqg I o S
Hence we have
D (k1) — (sl =D g
WD (k)= > T,
SET(k,1)
and
. 1 (Is|] = 1) |,
AML(f) (m,n) = Z Eu(d) Tr‘ l
d|(m,n) seET (%, %)

Therefore, the algebra L( f)(_‘]) is isomorphic to the free Lie algebra generated by
the (Zs¢ % Z~()-graded vector space V = @;’3-:1 Wii,j) with dimV/; ;) = r for all
1,7 > 1 (see Proposition 2.10).
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(d) If f(q) = Ty(q) = D02 cg(n)q™, the Thompson series, then the denomi-

n=-—1

nator identity for the algebra L(f )(_J) is equal to

H (1 _pmqn)dimL(f)(m,n) =1— Z Cg(i +] _ 1)]91(]37
m,n=1 i,j=1

and, for m,n € Z~o, we have

dimL(f) ) = Y %u(d) > @Hcg(iﬂ_l)sw,

d|(m,n) sET(4 %)

When m and n are relatively prime, the identity (4.48) yields

ML (f)(m,n) = Z w Hcg(i +J —1)% = ¢4(mn).

s€T(m,n)

It would be an interesting task to characterize all the (genus 0) modular functions
flq) =>27" | f(n)g™ satistying the identity

sy = > CE T -1y

s€T(m,n)

when m and n are relatively prime (cf. [KK]). We expect our approach can shed
some light on this problem.

5. PRODUCT IDENTITIES AND GRADED LIE ALGEBRAS

In this section, we will discuss the relation of the graded Lie algebras and the
product identities for normalized formal power series. Let I' be a countable abelian
semigroup satisfying the finiteness condition given in Section 1. Consider a nor-
malized formal power series

(5.1) 1- Z d(a)e® with d(a) € Z for all a € T.

acel’
Suppose we have a product identity for the above formal power series:
(5.2) [T —en*® =1-3"d(a)e

acel’ acl

with A(a) € Z> for all @ € I'. We would like to construct a I'-graded Lie algebra
L =@, cr Lo whose denominator identity is the same as (5.2), which would imply
(5.3) dimL, = A(a) forall a €T.

This problem is equivalent to constructing a I'-graded Lie algebra L = @ . La
such that the character of the homology space H = Y oo  (—1)**1H (L) is given
by chH =3 d(a)e®.

Once we have constructed such a I'-graded Lie algebra L, let P(H) =
{a € | d(a) # 0} = {71,72,73,---}, and let d(i) = d(r;) for i = 1,2,3,---.
Then, by applying our dimension formula (1.13) to the I'-graded Lie algebra L, we
would obtain a combinatorial identity:

(5.4 A =Y Sy 3 P T ag,

dla SET(2)
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where T'(7) denotes the set of all partitions of 7 into a sum of 7;’s as defined in
(1.11).

Example 5.1. (a) Consider the binomial expansion

Y - k(TN Kk
(5.5) (- =3 (-1) (k)q |
k=0
Let L = Cx1 @ --- @& Cx, be the r-dimensional abelian Lie algebra with basis
{z1, -+ ,z,}. Then we have

Hy(L) = A*(L) = Span{z;, A--- Az, | 1<ip < <ip <r}.

Hence, by the Euler-Poincaré principle, the identity (5.5) can be interpreted as
the denominator identity for the r-dimensional abelian algebra L, and by (5.4), we
recover the combinatorial identity (4.23).

(b) In [K2], Jacobi’s triple product identity

N n n n—1_n n n— k(k—=1) k(kt1)
(5.6) [Ta-pramHa-p" g —prg" ") =D (-1)fp > :
n=1 keZ
was interpreted as the denominator identity for the affine Kac-Moody algebra of
type Agl). In fact, Kac showed that all the Macdonald identities [M] are equivalent
to the denominator identities for affine Kac-Moody algebras [K2].
(¢) Recall the definition of the Ramanujan tau-function 7(k) (see, for example,
[S2]):
H 1—q")* =Y 7(k)¢*
= k=1

(5.7) =
= q — 24¢* + 252¢® — 1472¢* — - -

We can rewrite it as

(5.8) ﬁl—q = i T(k+1))

k=1

If we can construct a Zo-graded Lie algebra L = @n:l L,, such that dimH (L) =
—7(k+1), then (5.8) would be the denominator identity for this Lie algebra L and
we would have dimL,, = 24 for all n > 1. But it is more natural to interpret (5.8) as
the denominator identity for the free Lie superalgebra generated by the Z~o-graded
vector space V = @:°; V; with superdimensions DimV; = —7(i + 1) for i > 1 (see
[Ka8g]).

In general, it is quite difficult and complicated to construct a graded Lie alge-
bra corresponding to the product identity (5.2). However, if d(a) € Zx>¢ for all
a € I, any product identity of the form (5.2) can always be interpreted as the de-
nominator identity for some suitably defined free Lie algebras. More precisely, let
V = @,cr Vo be a I'-graded vector space over C with dimV,, = d(a) for all a € T".
Then the right-hand side of (5.2) can be interpreted as 1 — chV. Let L be the free
Lie algebra generated by V. As we have seen in Section 2, the free Lie algebra
L has a I'-gradation L = @ . Lo induced by that of V, and the denominator
identity (2.4) for L is the same as the product identity (5.2). In particular, we have
dimL, = A(a) for all @ € T', which yields the combinatorial identity (5.4).
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Example 5.2. Recall the product identity (4.40) for the elliptic modular function
j proved in [B5]:

pt [ @ =pmg")™™ = j(p) - ).
m>0
nez

Observing that ¢(0) =0 and ¢(—k) = 0 for k > 1, it can be written as

ﬁ (1 —pmqn)c(mn) — M

p—l _ q—l
m,n=1
(5.9) N
=1- Z cli+7—1)p'¢.
ij=1

Let V = EB;)E-:l Vii,j) be a (Zo x Zo)-graded vector space over C with dimV/; ;) =
c(i+j—1),andlet L = @fno,nzl L n) be the free Lie algebra generated by V. Then
the product identity (5.9) for the elliptic modular function j is the denominator
identity for the free Lie algebra L, and we have dimL(,, ) = c¢(mn). Hence we
obtain a simple proof of the recursive relation (4.47) using the free Lie algebra L
(cf. [KaK1]).

In [B7], Borcherds gives a very important method for constructing automorphic
forms on Og422(R)T with infinite product expansions. One of the main results in
[B7] is the following;:

Theorem 5.3 ([B7]). Let II;122 be the even unimodular lattice with signature s.
Suppose that (1) = > .z c(n)g™ is a meromorphic modular form of weight —3
for SL(2,Z) with integral coefficients, with poles only at cusps, and with 24|c(0) if
5 =0. Then there exists a unique vector p € Il 2o such that

(5.10) B(v) = e 20 [T (1 — e 2miw)e= 5
>0

Z)*
If s =2 and f(q) = j(q)—744, we recover the product identity (4.40), which is the
denominator identity for the Monster Lie algebra [B7]. If s = 24 and f(q) =

is a meromorphic automorphic form of weight 0(20) Jor Orp, .y, (

Alg)’
then we obtain
(5.11) eP H(l _ er)pu(l_(rér)) Z (det w)T(n)ew("P),

r>0 weWw
neZso

where 7(n) is the Ramanujan tau-function, ps24(n) denotes the number of partitions
of n into parts of 24 colors, and W is the reflection group of the 26-dimensional
even unimodular Lorentzian lattice I1s5 1. The identity (5.11) is the denominator
identity for the fake Monster Lie algebra [B3], [B7].

Unfortunately, most of the automorphic forms with infinite products that are
produced by Theorem 5.3 cannot be interpreted as the denominator identities for
generalized Kac-Moody algebras, for most of them involve vectors of norm at least 4
in the lattice, which cannot be a positive root of any generalized Kac-Moody algebra
[B8]. Still, it seems possible to construct graded Lie algebras and Lie superalgebras
whose denominator identities are the modular products given by Theorem 5.3.

Another very important result in [B7] is:



4332 SEOK-JIN KANG AND MYUNG-HWAN KIM
Theorem 5.4 ([B7]). Consider

1 1 1
= H n = ——
> H(n)q 12+3q +2q +q +q°-
nez
where H(n) is the Hurwitz class number for the discriminant —n if n > 0 and
H(O) = —15. Suppose that fo(T) =3, cz co(n)q"™ is a meromorphic modular form
1
2

t = for To(4) with integral coefficients, with poles only at cusps, and with
co(n)=0ifn=2,3 (mod 4). Put

(5.12) v(r) =g " =g,
n>0

where h is the constant term of fo(7)H(7). Then ¥ is a meromorphic modular
form for some characters of SL(2,Z) of integral weight with leading coefficient 1,
all of whose zeros and poles are either at cusps or imaginary quadratic irrationals.

For example, if fo(1) = 120(7) = 123, ¢", then we get (1) = A(q) =
qT102, (1 —g™)** [B7]. Moreover, let

(5.13) F(r) = Z o1(n)q" = q+4¢> +6¢° + -,
neZso,odd
nez
and define

(O()* = 2F(7))(0(r)" — 16F (7)) Eg (47)

Jolr) = F(7)0(7) +560(7)
(5.15) i A(4r)
=Y co(n)q" =q* —248¢ +26752¢* — - - -,
neZ
go(r) = (j(4r) — 876)0(7)
(6(r)* — 2F (1)) (6(r)* — 16F (1)) Eg(47)
(5.16) —2F(n)(7) A(47) :
= 3" bo(n)q" = a7 + 6 + 504q + 143388¢* — -~ .
nez

Then Theorem 5.4 yields the product identities for the elliptic modular function j
and the Eisenstein series E4, Eg, Es, F19, and F14 [B7]:

(5.17) G(r) = g7 + 744+ 196884 + - = ¢ L [T (1 — g)P ),
n=1
(5.18) Ei(7) = 142403 o3(n)q" = J] (1 — gy +8,
n=1 n=1
(5.19) Eo(r) =1-504 3 a5(n)g" = [J(1 — g™

n=1 n=1
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(520) FEyg (7‘) =1+ 4802 0—7( H 1— q 2co(n )+16
n=1 n=1

(5.21) Ep(r)=1- 2642 a9(n) H 2)+Co(n2)+8
= n=1

(1 _ qn)bo(n2)+2co(n2)+16.

"
3

(5.22) Eu(r)=1-24 Z o13(n

n=1

The product identities for the Eisenstein series Eg(7), E19(7), and E14(7) can
be interpreted as the denominator identities for the free Lie algebras L = @, ; L,
generated by the Z(-graded vector spaces V = @, ; V,, with dimV,, = 50405( ),
26409(n), and 24013(n), respectively. Therefore, the d1mens1ons of the homoge-
neous subspaces L,, are given by

(5.23) dimL,, = bo(n?) (corresponding to Es(7)),
(5.24) dimL,, = by(n?) + co(n?) +8 (corresponding to Fio(T)),
(5.25) dimZL,, = bg(n?) + 2co(n?) + 16 (corresponding to Fy4(7)),
and (5.4) yields the following combinatorial identities:
1 (Is |
2) — it Is]
(5.26) bo(n?) = dz Sh(d) g(:n) sl = D2 g e [1os¢

(5.27) bo(n®) + co(n®) +8 =) éu(d) > @264‘8' JJEION

dln se€T(Z)

(5.28)  bo(n®) + 2co(n®) +16 = iu(d) > @gw [Tt

dln SET(Z)

On the other hand, these product identities can be interpreted as the denomina-
tor identities for the rank 1 generalized Kac-Moody algebras with only one imag-
inary simple root with multipicity 50405(n), 26409(n), and 24013(n), respectively
[B7]. The rest of the product identities listed above (and many others) can be
interpreted as the denominator identities for some free Lie superalgebras. In [Ka8§],
we will give a more comprehensive discussion on the relation of the graded Lie
superalgebras and the product identities for the normalized formal power series.
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